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Abstract

Atomistic simulation techniques have been used to calculate a variety of disorder

properties in oxides with the fluorite structure and the pyrochlore structure (which

is fluorite related).

Chapter 1 introduces pertinent concepts such as crystallography, point defect

equilibria, surface types and transport theory. Chapter 2 discusses the methodology

of bulk, surface, perfect and defective lattice calculations.

Chapter 3 and 4 are concerned with UO2. Chapter 3 presents results of fission

product solubility calculations in UO2. In particular, the solution of Kr, here cal-

culated classically, is compared to similar ab initio calculations of other researchers.

Chapter 4 builds upon these results by discussing the segregation of fission products

to the stable, low index (111), (110) and (100) surfaces of UO2. It is shown that the

segregation behaviour depends on fission product chemistry, charge, size as well as

surface.

In Chapters 5 and 6, aspects of the defect behaviour of pyrochlore oxides are

investigated. Chapter 5 discusses mechanisms to generate non-stoichiometry in a

broad range of pyrochlore compounds. Calculations are presented in the form of a

contour map, in order to convey the large amount of information. These results are

compared with experimental phase diagrams. Chapter 6 predicts the existence of

heretofore unobserved pyrochlore compounds, Dy2Hf2O7, Ho2Hf2O7 and Er2Hf2O7.
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This prediction is made by comparing calculated local order-disorder energies with

the corresponding order-disorder temperatures obtained from phase diagrams.

The concluding chapter summarizes the results of this thesis and offers ideas

and details for potential future work. Projects involving both bulk and surface

simulations are proposed.

Appendix A describes the segregation of Y2O3 to surfaces of t-ZrO2.
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Chapter 1

Introduction

“The branch of physics we call ‘the physics of the solid state’ is, in large

measure, the study of defects in crystalline solids and the effects that they

have on the properties of these solids. In this it has to be contrasted with

the parallel science of crystallography, which studies the arrangements of the

atoms themselves.”

- N.F. Mott

The Page - Barber Lectures, 1956

The aim of this thesis is to describe work done investigating disorder in fluorite

based oxides. There exist many compounds whose crystal structure is either that of

fluorite or closely resembles this structure. This introduction begins with a descrip-

tion of the crystal structure of the compounds considered and then continues with a

discussion of disorder and disorder processes. Indeed, there are many ways in which

the order in crystalline solids can be disturbed, such as imperfections in position,

composition and electronic state [1]. Since this thesis will be concerned with mod-

elling the predictions of disorder, the introduction therefore provides a rudimentary

discussion of the means by which disorder is introduced into a lattice.
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Introduction

1.1 Fluorite Based Oxides

1.1.1 MeO2 Oxides

The term “fluorite” originates with the mineral CaF2, which is generally known by

the same name. Oxides which adopt the fluorite structure or structures related to

fluorite have great and varied technological importance. Of those compounds con-

sidered in this thesis, applications range from nuclear fuel for UO2 to thermal barrier

coatings and solid oxide fuel cell components for pyrochlores. Despite the vast dif-

ference in applications, the crystal structures of fluorite and pyrochlore compounds

are very similar. This thesis then begins with a description of structure.

Pauling formulated a set of rules governing the stability of ionic crystal structures

[2, 3] (also see [4] for a particularly informative discussion of these rules). The first

of these states:

A coordinated polyhedron of anions is formed about each cation, the

cation - anion distance being determined by the radius sum and ligancy

of the cation by the radius ratio.

This is easier to visualize if ions are thought of as spheres, anions surrounding a

single cation. The preferential coordination of anions is dependent on the size of

the cation with respect the anionic radius. For example, the minimum radius for

a cation coordinated by an octahedron is easily calculated to be 0.414 times the

radius of the anion, see Figure 1.1. At this distance ratio, the anions just touch and

can therefore move no closer. If the cation is any smaller than this, the Coulomb

energy becomes defined by the anion-anion distance (assuming the cation remains

in the centre). However, by selecting a structure with a lower coordination number,

the minimum possible anion-cation distance is smaller and the Coulomb interaction

can be greater. Another way of visualizing this destabilization, is that once the

17



Introduction

The general formula of the oxide pyrochlore structure can be written as A2B2O6O’.

There are four crystallographically unique atom positions and the space group is

Fd3m [10]. A common way of describing the structure is by fixing its origin on the

B site, with atoms located at the following positions (using Wyckoff notation): A

at 16d, B at 16c, O at 48f and O’ at 8b [10]. The only internal positional variable

of the pyrochlore structure is the oxygen x parameter, which characterizes the 48f

oxygen atoms. To better visualize the pyrochlore structure, the convenient, fluo-

rite type description is used [11, 12], see Figure 1.3. The pyrochlore structure can

thereby be considered as an ordered, defective fluorite solid solution. In CaF2, the

fluorine anions are located in the tetrahedral sites of a Ca face centered cubic ar-

ray. In this description of pyrochlore, the A and B cations form the face centered

cubic array, but are additionally ordered in the <110> directions such that the A

cations are eight coordinate and the B cations are six coordinate with respect to

oxygen. This cation ordering means that the tetrahedral anion sites are no longer

crystallographically identical. In fact, there are now three distinct tetrahedral sites:

the 48f, which has two A and two B nearest neighbours, the 8a, which has four B

nearest neighbours and the 8b, which has four A nearest neighbours. In pyrochlore,

the 8a positions are vacant. Figure 1.3 depicts one eighth of the pyrochlore unit cell,

which is analogous to a single fluorite unit cell. Figure 1.4 depicts a full unit cell

of a pyrochlore, with the anions removed in order to better view the two cationic

sublattices and the ordering along <110> directions.
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Introduction

1.2.1 Intrinsic Disorder

Intrinsic disorder is so termed because it requires only thermal activation, rather

than the addition of impurities or solutes. As temperature is raised, contributions

to the free energy due to the entropy term (increasing the magnitude of lattice

vibrations and configurational terms) increase the number of atoms that are dis-

placed from regular lattice positions. However, the concentration of defects is able

to remain finite. This is because an increase in thermal energy also gives rise to an

increase in entropy, thus reducing the free energy, which is evident in the following

equation:

G = Go + n ·∆g − T ·∆Sc (1.1)

where ∆Sc is the configurational entropy due to the solution of defects, n·∆g is the

free energy change necessary to create n interstitials and Go is the free energy of a

perfect crystal. The two most common types of crystalline defects in ionic materials

are Frenkel [15] and Schottky defects [16, 17]. (It should be noted that thermo-

dynamic equilibrium is not always reached, and therefore real materials contain a

variety of defects due to slow kinetics of removal [18]).

Frenkel disorder results when an atom is displaced from its regular site to an

interstitial site, thus forming a defect pair (see Figure 1.5). For a binary metal oxide

MeO, the corresponding defect formation reaction is:

Mex
Me + V x

I � Me··I + V ′′
Me (1.2)
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where Ωv is the number of ways to arrange vacancies, N is the number of regular

sites, and nv is the number of vacancies. Similarly for interstitials:

Ωi =
N !

(N − ni)! · ni!
(1.5)

These equations can then be inserted into Equation 1.3, leading to:

∆Sc = k · ln
{[

N !

(N − ni)! · ni!

]
·
[

N !

(N − nv)! · nv!

]}
(1.6)

Using the equality ni = nv (for ceramics, this is the electroneutrality equation):

∆Sc = k · { 2lnN !− 2ln [(N − n)! · n!]} (1.7)

If Stirling’s approximation for large numbers [19] is employed:

ln n! ≈ n ln n− n (1.8)

then the expression for ∆Sc can be rewritten as:

∆Sc = 2k · { N ln N − (N − n) · ln (N − n)− n · ln n} (1.9)

Equation 1.9 can be substituted into the equation for the free energy:

G = Go + n ·∆g − 2kT ·
{

N ln

[
N

N − n

]
+ n · ln ·

[
N − n

n

]}
(1.10)

At thermodynamic equilibrium, the free energy has a minimum with respect to n,

i.e.
(

∂G
∂n

)
T,P

= 0. The expression for
(

∂G
∂n

)
T,P

is obtained by differentiating Equation

1.10. If this is subject to the approximations for large N and small (i.e. dilute)

concentration of defects, N � n, such that N − n ≈ N , it is then possible to

obtain [5]:

n

N
= exp

(
− ∆g

2kT

)
= exp

(
∆s

2k

)
· exp

(
− ∆h

2kT

)
(1.11)
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It should also be noted that ∆s is the entropic term which results from lattice strains

and vibration frequencies altered by the presence of the defect. It is often the case

that this term is assumed to be zero, despite the fact that values between 10−4

to 104 have been reported [5]. It is clear then that absolute defect concentrations

are difficult to obtain with any degree of accuracy. Much more useful are the rela-

tive differences in defect concentrations (and indeed most defect related properties)

between compounds.

The other type of intrinsic disorder previously mentioned is that of Schottky

disorder [16, 17]. Schottky disorder is the simultaneous occurrence of cation and

anion vacancies in thermal equilibrium, see Figure 1.5. In this case, vacancy defects

must be formed in a number which maintains the electroneutrality of the lattice.

For example, MgO forms both one magnesium and one oxygen vacancy (a Schottky

pair) while TiO2 forms a titanium vacancy and two oxygen vacancies:

Mgx
Mg + Ox

O � V ′′
Mg + V ··

O + MgO (1.12)

and:

TixT i + Ox
O � V ′′′′

Ti + 2 V ··
O + TiO2 (1.13)

The thermodynamics are analogous to that of Frenkel disorder, see Equation 1.11,

and the concentration of defects increases exponentially with temperature (i.e. e−1/T ).

Another type of intrinsic disorder that may exist is that of ionic interchange

known as antisite disorder, where ions swap sites. This may seem unlikely, especially

in particularly strong ionic, binary crystals [20], but as will be seen later, in materials

with more than one cationic sublattice, swapping of cations is quite common indeed.

It is also usual for all of these disorder processes to be present simultaneously, though

one type of disorder typically predominates. In general terms, Frenkel disorder is

more likely when the anion and cation differ substantially in size and when the lattice
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polarization is pronounced, e.g. AgBr [20, 21]. When the anions and cations are of

similar size (as is the case for NaCl) Schottky disorder is favoured. Crystallography

also plays a critical role. In close packed materials, there is little lattice space to

accommodate an interstitial ion. It follows that Frenkel disorder is not favoured

in these materials. Conversely, in open structures, Frenkel disorder is more easily

accommodated.

1.2.2 Extrinsic Disorder

For the purpose of this thesis, intrinsic disorder is differentiated from extrinsic dis-

order as follows: intrinsic disorder only encompasses thermally activated defect pro-

cesses which occur within an otherwise perfect lattice where there is no reaction

with the environment. This is certainly a topic for debate, but inevitably it is only

a matter of semantics (as elucidated by Chiang et al. [5]). Therefore, according to

this definition, extrinsic disorder includes defects resulting from oxidation or reduc-

tion, i.e. non-stoichiometry. Essentially, extrinsic disorder includes reaction with

gaseous species from the environment that are constituents of the lattice in question

and reaction with species from the environment that are not native to the lattice. In

cases of large formation energies or low concentrations of intrinsic defects, extrinsic

behaviour can play the determinant role.

The concept of stoichiometry (i.e. the constant and fixed ratio of elemental

constituents of a chemical compound) dates back to Dalton’s atomic hypothesis [22],

and more so the Law of Definite Proportions, which was a product of this hypothesis.

This law states that the constituent elements of any compound exist in distinct

proportions. This law was the topic for heated debate between Proust, a proponent

of the law, and his fellow Frenchman Berthollet, who suggested that the composition

of solid compounds is by no means constant. Berthollet lost that debate (in as much
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as the theory of Definite Proportions became a law), but was vindicated many years

later in a paper by Kurnakov, where it was found that the constituents of various

intermetallics varied in composition [23]. Schottky and Wagner went on to suggest

that all inorganic solids are inherently non-stoichiometric [16].

The non-stoichiometry of metal oxides can be subdivided into two categories

with respect to exact stoichiometry: metal deficient or oxygen deficient. Non-

stoichiometry is a direct result of point defects and the extent of non-stoichiometry

is measured by the net concentration of these defects [21]. Just as the reactions

for Frenkel and Schottky disorder were electronically neutral, the reactions for non-

stoichiometry must also be kept neutral through the formation of complimentary

point defects. In metal deficient oxides, if metal vacancies are formed, they are

complimented by electronic defects on either remaining metal sites (increasing the

valence state), on the oxygen site (lowering the charge) or by a delocalized charge.

If the metal sublattice remains intact, the non-stoichiometry is facilitated by oxygen

interstitial defects compensated by the electronic defects mentioned above. It fol-

lows that for the oxygen deficient analogue, metal interstitials or oxygen vacancies

will be the predominant structural defects.

A perhaps more clear example of extrinsic disorder, but still technologically

significant, is the presence of impurity defects which are non-native to the compound.

For example, doping a material (thus generating defects) can have pronounced effects

on a variety of properties: doping Si with group V atoms Sb, As, P or group III atoms

In, Al or B creates charge carriers for n- and p- type semiconductors respectively [24].

In addition, the solution of CaCl2 lowers the density of KCl with the production

of K vacancies [25]. Finally, the cubic fluorite structure of ZrO2 can be stabilized

with a variety of oxides such as Y2O3 or CaO. The latter example is particularly

important in electrochemical applications due to the generation of anion vacancies.
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For example:

CaO(g) + (ZrZr)
x + (OO)x � (CaZr)

′′ + (VO)·· + ZrO2 (1.14)

1.2.3 Fission Produced Defects

The impurity defects considered in this thesis are generated by the fission process

(a term borrowed by Otto Frisch [26, 27] after learning from a biologist colleague,

William Arnold, of the word for cell division [28]) and not through doping. Al-

though the discovery of nuclear fission is relatively recent, because of its complexity

and implications, much research has been done to further the understanding of this

phenomenon. By 1936, Fermi and others [29–31] were able to show that slow neu-

trons were able to disintegrate nuclei. However, it was the strange manner in which

uranium disintegrated which made it so exciting. Uranium is naturally radioactive

and disintegrates via the emission of alpha particles. The fact that slow neutron

irradiation was leading to beta ray emission meant that a different process was tak-

ing place. In 1939, Hahn and Strassman [32] found at least three radioactive bodies

when bombarding uranium with neutrons, one of which was barium. Initially it had

been believed that radium was being produced. This misconception was on account

of the limitations of atomic theory at the time. After many thorough chemical ex-

periments it became clear that the substance Hahn and Strassman obtained was

barium, and thereby it was deduced that the uranium nucleus, after capturing a

neutron is able to split into two nuclei (Niels Bohr stated after this discovery, “Oh,

what fools we have been. We should have seen that before!” [28]). Although a de-

tailed account of the fission process mechanism is not justifiable (and can be found

elsewhere: see Fission, Chapter 10, by J.A. Wheeler and I.G. Schröder in [33]), a

few points are relevant. The following reaction describes a typical example of the

fission of U235 [34]:
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there are some slight differences. However, in both plots, there is a very pronounced

double peak for the statistical distribution of fission products. This double peak is

strongly dependent on what has induced the fission event. The slower the neutrons,

the more pronounced the peaks. Higher energy neutrons give rise to a more sym-

metrical curve. Another important fact that can be observed in Figure 1.6 is that

there are a significant number of decay atoms present, each of which will behave in

a different chemical and physical manner.

1.2.4 Association of Point Defects

As previously mentioned, it is possible, and in fact likely that different types of

defects will exist. However, a model based upon the assumption that point defects

form an ideal solution is too simple. An important behaviour to consider is the

interaction between defects, especially those exhibiting Coulombic attraction due to

their opposite charges. The interaction between defects is, among other things, a

function of their concentration. At low concentrations, ideal solution defect models

are useful, but as the concentration of defects increases, activity coefficients must

be introduced. The first attempt to correct activity dependent defect interactions

was the Debye - Hückel theory [38, 39], which was initially developed for aqueous,

electrolytic solutions. The basis of this theory is that all deviations from ideal

behaviour can be accounted for by electrostatic interaction between charged species.

If one ion is considered, it can be thought of as attracting a cloud of oppositely

charged ions, which screen it from all other defects, thereby decreasing the chemical

potential. Chemical potential in this case can be expressed as an activity coefficient.

The end result of the Debye - Hückel treatment is that the activity coefficient for any

defect is less than its concentration. The mean activity coefficient, f±, is expressed

as:
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f± = exp

{
− e2

o

8π · εo · ε · kT
· b

1 + b · a
· |z+ · z−|

}
(1.17)

where eo is the charge of an electron, ε is the relative dielectric constant (permit-

tivity), εo is the absolute dielectric constant, k is Boltzmann’s constant, a is the

smallest distance after which associates will not form and z+, z− are the charges of

the point defects considered. The distance, 1
b
, is known as the Debye length and can

be expressed as:

b =

√
e2

o

εo · ε · kT
·
∑

i

ni · z2
i (1.18)

where ni is the number of defect species per cm3. From this equation, it is clear

that the Debye length (the screening length) increases with a decrease in the defect

concentration or an increase in the dielectric constant. Unfortunately, the Debye-

Hückel correction is not necessarily realistic physically when applied to defective

solids (after all, it was developed for liquids). Firstly, ε is a function of temperature

and is generally unknown. What’s more, the dielectric constant is a bulk value which

is meaningless when applied to atomic distances. Thus, the Debye-Hückel theory is

only valid at low defect concentrations.

The work described in this thesis is concerned with fluorite compounds which

display very high defect concentrations such that close defect association is practi-

cally imposed. As such, a Debye-Hückel correction is not appropriate.1 Rather, it

is sufficient to simply consider defect associations explicitly at an atomic level (and

therefore defect clustering). This relates our results to low temperatures but high

defect concentrations; conditions which are generally satisfied by the compounds

investigated in this study.

1More complex models have been developed to account for defect interactions (e.g. [40,41]), but

these are not practical for this study.
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not possible to form a surface free of a dipole moment. Chapter 4 is concerned with

results for the segregation of fission products to low index surfaces of UO2 and will

discuss the structure of each of these surface types that form in fluorite in detail.

As will be shown, each of these Tasker surface types is represented by the three low

index surfaces of UO2.

The stability of a surface is controlled by its surface energy which is defined

as: [42]

γ =
(Ecrystal with surface)− (Ebulk)

(surface area)
(1.19)

Surface energies are capable of being calculated (the details of which will be dis-

cussed in Section 2.3) providing information on surface stability [44] and thus for

equilibrium crystal morphology [45–48]. It has been shown that if there exists a

dipole perpendicular to the surface, the surface energy is infinite and such surfaces

do not occur [49]. Recalling that Type 3 surfaces have such a dipole moment, it

follows that they will not form unless the dipole is neutralized by defects. Typically,

a number of ions must be removed from the surface and placed on the bottom of

the crystal. This generates a dipole across the crystal that is in opposition to the

surface dipole.

1.4 Transport

1.4.1 Diffusion Equations

Transport in ceramics, both mass and electrical, is an important and complicated

phenomenon. For example, mass transport governs the densification process during

sintering while electrical transport is necessary for fuel cells. Diffusion is the trans-

port of matter, in the form of atoms, ions or molecules and is responsible for most
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structural changes. The common way of describing diffusion is through Fick’s first

law [50]:

J = −D

(
dC

dx

)
(1.20)

where J is the flux of a species in moles per unit area time unit (e.g. mol/(cm2·

sec)), D is the diffusion coefficient and dC/dx is a concentration gradient. D is a

useful property of materials, since it describes the rate of diffusion of a species, or its

diffusivity and usually appears in units of cm2/sec. Fick’s first law is analogous to

both Ohm’s law for electrical conduction and Fourier’s law of heat conduction [51]

(though it should be pointed out that these are not actually “laws,” but rather

mathematical descriptions of phenomena). Fick’s first law is applicable in steady

state situations, when J is independent of time. However, if the concentration, C,

varies with time (i.e. non-steady state), then Fick’s first law becomes more difficult

to use. The increase in concentration with time must equal the negative flux:

∂C

∂t
= −∂J

∂x
(1.21)

and then substituting Fick’s first law, to obtain:

∂C

∂t
= −D

∂2C

∂x2
(1.22)

which is commonly known as Fick’s second law. Solutions to Fick’s second law be-

come very complicated, often involving error functions, infinite trigonometric series

as well as Bessel functions (common in cylindrical geometries). In depth discussions

of Fick’s second law and its solutions can be found elsewhere [52,53].

1.4.2 Atomistic Theory of Diffusion

This account of diffusion has thus far been strictly phenomenological, and has not

yet addressed the atomistic theory of diffusion. Diffusion on the microscopic scale
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was first documented by Robert Brown after having observed the seemingly random

movement of pollen particles immersed in water [54]:

These motions were such as to satisfy me, after frequently repeated ob-

servation, that they arose neither from currents in the fluid, nor from its

gradual evaporation, but belonged to the particle itself.

Initially, Brown thought this “movement” to be a characteristic of only organic sub-

stances, referring to them as “elementary active particles,” but eventually included

inorganic material as well after further experimentation (even having tested powder

obtained from a fragment of the Sphinx). Such was the lack of understanding, that

Brown cautiously warned:

The dust or soot deposited on all bodies in such quantity, especially in

London, is entirely composed of these molecules.

Despite continuous research on so called Brownian motion, it was not until the

early 20th century that Smoluchowski [55] and Einstein [56, 57] provided a precise

explanation. This problem, commonly referred to as “random-walk,” attempts to

determine the final position of particles by using jump frequencies and average jump

distances. If a block of material is considered as having a concentration gradient

along its x axis (see Figure 1.8), an equation can be derived which relates D to the

jump frequency and jump distance.

36



Introduction

1.4.3 Segregation

The segregation of fission products to surfaces of UO2 is discussed in Chapter 4,

where segregation is the movement of a species toward (or away from) a surface,

boundary or interface. Theoretical explanations for surface segregation date back

to Gibbs [62], and his description of a dividing surface between two bulk phases.

Despite the fairly long time of qualitative understanding, it is only recently that

analytical instruments have been developed to feasibly investigate this phenomenon

(e.g. Auger electron spectroscopy [63]). Nevertheless, segregation trends are difficult

to extract from experimental data. This can be attributed to the complexity of

segregation. Factors such as ionic space charge, the compensation of surface charge

beneath the surface, and surface strain effects further complicate the segregation

phenomenon. Chapter 4 discusses yet more complications encountered during this

work.
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Chapter 2

Atomistic Simulation: Bulk and

Surface Methods

“It is only after having failed at many attempts that one succeeds in preventing

the mutually attractive balls from touching.”

- Charles Augustin Coulomb

The Second Electricity and Magnetism Memoir, 1785

As the number of transistors per integrated circuit persistently adheres to the

exponential growth pronounced in Moore’s Law [64], computers will continue to

become more powerful. It is therefore now possible to model systems which were

unthinkable ten years ago. For example, atomistic simulations have recently been

used in the biological realm to determine complex protein structures [65]. Atomistic

forces can be determined in two ways: classically (based on Newtonian mechanics)

and quantum mechanically. Although this thesis predominantly deals with classical

simulations, one should not disregard quantum mechanical studies which are inher-

ently more accurate. The undesirability of quantum mechanical calculations arises

when confronted with limited computing resources. Per ion modelled, classical cal-
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culations are far more efficient and less computationally taxing, allowing for a larger

number of atoms to be considered. Eventually, when processing power has substan-

tially increased, quantum mechanical simulations will be much more amenable to

larger systems.

The first classical atomistic simulations carried out, were those of Boswara and

Lidiard who attempted to determine Schottky defect formation energies in NaCl

structured alkali halides and cesium halides [66, 67]. In fact, most of the early

calculations considered highly ionic and rather simple compounds. Transition metal

oxides were investigated in the 1970’s, using a similar methodology [68, 69]. The

Harwell Laboratory was a major driving force for the continuation and progression of

atomistic simulation, focusing on the calculation of basic UO2 defect energies [70,71]

as well as fission product behaviour [36, 72]. Many of the techniques pioneered in

those studies are utilized in this work.

Initial atomistic simulations were limited to the calculation of bulk defect prop-

erties. Not until Tasker’s code MIDAS [73], were surface properties able to be

calculated. The MIDAS code, though allowing for many more types of simulation,

was limited to charge neutral surfaces. The code CHAOS [74] was developed to

calculate defective surface properties. As with the initial bulk calculations, initial

surface calculations considered simple ionic systems, which were predominantly cu-

bic, e.g. MgO, CaO and NiO [75, 76]. MARVIN (Minimization And Relaxation of

Vacancies and Interstitials for Neutral Surfaces Program) is a more recent surface

code [77], based on the fundamentals used by MIDAS and CHAOS, but updated for

new potential models (to be discussed later in this chapter) and low symmetry salts

such as carbonates, sulfates and phosphates. Also updated is the ability to simply

introduce ions and molecules onto the surface, which was previously difficult with

MIDAS.
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2.1 Perfect Lattice

Ionic crystal theory can be traced back to the work of Madelung [78] and Born

[79,80]. All of the compounds considered in this thesis form ionic crystals, which is

to say that they have a regular arrangement of positively charged metal atoms and

negatively charged (in this case) oxygen atoms. The lattice of these materials can

be described in the classical manner, which assumes all ions are formally charged

and spherical and interactions between these ions obey simple central force laws.

The lattice energy is therefore:

Elattice =
1

8πε◦

(∑
i

∑
j 6=i

qiqj

rij

)
+

1

2
Φs−r (2.1)

where qi and qj are the charges of the ions i and j, rij is the ionic separation and

εo is the permittivity of free space. The first term of Equation 2.1, the Coulombic

energy, is the main interaction between ions and attracts the unlike charged ions,

accounting for the major portion of the cohesive energy of ionic materials. The

second term in Equation 2.1, Φs−r is the total short range interaction energy. Short

range forces serve to keep the unlike charged ions from collapsing upon one another

and like charged ions from becoming unbound.

The calculations carried out in this work are referred to as “static,” which is

to say that they do not account for lattice vibration explicitly or configurational

entropy at all. Rather, the lattice energy as it appears in Equation 2.1, is calculated

with the Coulombic interactions summed using a mathematical construction and

the short range interactions initially summed but then neglected after a few lattice

spacings. The minimum energy atomic configuration is achieved using energy min-

imization techniques, discussed in Section 2.1.4. This accounts for a perfect lattice.

The calculation of point defect and surface energies involve further considerations,
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discussed in Sections 2.2 and 2.3 respectively.

2.1.1 Ewald Summation

Despite the apparent simplicity of the Coulomb term in the equation for lattice

energy, it is actually very difficult to compute, as it is a long range force. The spatial

interaction of long range forces typically falls off no faster than r−d, where d is the

dimensionality of the system [81]. Long range interactions give rise to rather serious

problems in regard to atomistic simulations, as they can span half the distance of

the simulation cell. Therefore, a method to handle this problem must be introduced.

The simulations used in this work make use of the Ewald summation [82].

Ewald devised a technique which sums the interactions between an ion and its

periodic images. The original derivation is rather mathematically intensive. There-

fore, the following treatment is a simplification which focuses on the significant

aspects of the method, after an unpublished paper of Shockley and Ewald (which

can be found in [83]). The lattice assumed in this description consists of spheri-

cal, non-overlapping ions, with charge of the same magnitude whether positive or

negative. The total potential at a specific lattice point can be partitioned into two

sub-potentials as:

Ψ = Ψ1 + Ψ2 (2.2)

where Ψ1 is in reciprocal space and Ψ2 is in real space. The potential Ψ1 is of a

lattice of point charges, with a Gaussian charge distribution of equal magnitude but

opposite sign superimposed on the lattice. The potential Ψ2 is that of a lattice with

a Gaussian distribution of charge fixed at each lattice point, with the same sign as

the lattice. When this potential is added to Ψ1, the overall potential is reduced to

the original set of point charges. The point of splitting the overall potential Ψ into
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Ψa and the charge density associated with it, ρ, can be expressed in terms of a

Fourier series:

Ψa =
∑

k

cke
i(k·r) (2.5)

and

ρ =
∑

k

ρke
i(k·r) (2.6)

where ck and ρk are coefficients and k is 2π times the reciprocal lattice vectors. The

series converges as k increases and ck and ρk decrease. The charge density can be

related to the electrostatic potential by Poisson’s equation:

∇2Ψa = −4πρ (2.7)

This relation can be used to determine an expression for Ψa:

Ψa = qi

∑
j

[
qj

4π

VC

∑
k

(
1

k2
e−

k2

4η ei(k·r)
)]

(2.8)

where VC is the unit cell volume. (A complete derivation of Equation 2.8 appears

in Equations B.5 - 5.9 in the 1954 edition of Kittel’s Introduction to Solid State

Physics [83], though not in later editions, e.g. [25]).

When k = 0, the potential Ψa tends to infinity. However, as it is assumed that

the overall charge of a neutral unit cell is zero, the term k = 0 can be ignored. The

other constituent of Ψ1, is the potential at the reference point due to the central

Gaussian distribution:

Ψb =

∫ ∞

0

4πrρ dr =

√
2q2

i

εo

(η

π

)
(2.9)

Therefore, the difference of Equations 2.8 and 2.9 results in:

Ψ1 = qi

∑
j

[
qj

4π

VC

∑
k

(
1

k2
e−

k2

4η e−i(G·r)
)]

− 2q2
i

εo

√
η

π
(2.10)
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At small internuclear distances (but larger than required for the aforementioned

repulsion) there also exists an attractive force, the van der Waals - London in-

teraction. This is a relatively weak force which arises from the generation of a

spontaneously induced dipole on each of the interacting species, as was postulated

by Debye [87]. With the aid of quantum mechanics, London was able to determine

a general expression for this attraction, where the dipole arises due to the corre-

lated motion of electrons [88–90]. In the case of two identical atoms, this force

varies proportionally to r−6. Although this is a quantum mechanical effect, the

r−6 dependency can be derived from classical electrostatics. A complete derivation

for the van der Waals - London force between two hydrogen atoms can be found

elsewhere [91, 92]. However, it should be noted that this force is related to the

polarizability of ions. As such, it is generally not considered for cation - cation

interactions, where the cations tend to be small and unpolarizable [93].

Given this broad description of the short range repulsive energy, the functional

forms which can be used to describe various terms can now be explained. Equation

2.1 denotes the short range interaction as Φs−r. This term can be expanded and

expressed as:

Φs−r =
∑
ij

Φij +
∑
ijk

Φijk +
∑
ijkl

Φijkl + ... (2.13)

where ij refers to all pair interactions, ijk refers to all three body interactions,

and so on. Fortunately, the work in this thesis considers only cubic, strongly ionic

materials. These types of materials are relatively isotropic, thereby warranting the

consideration of only pair interactions (i.e. the first term of Equation 2.13). With

that established, it is now useful to discuss the various forms of the pair short range

potential that have been used in other studies.

The combination of a Coulomb term with a short range repulsive term, Φij, was
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first introduced by Born and Landé [94]:

Φij =
b

rn
(2.14)

where b and n are constants chosen to reproduce the equilibrium interionic distance

and r is the nearest distance between unlike ions. Early work using this model took

n ≈ 9. This model was later expanded when it was discovered through quantum

mechanical calculations that it could not be rigorously correct (though a surprisingly

good approximation, especially for very ionic materials such as the alkali halides).

In an attempt to update Equation 2.14 such that it accounted for the new quantum

mechanical revelations, Born and Mayer [95] introduced a short range repulsive

potential of the form:

Φij = Ae−
r
ρ (2.15)

where A and ρ are adjustable parameters. Equation 2.14 now differed from 2.15 in

that Equation 2.15 contains an exponential repulsive term. At this point, Born and

Mayer also added an attractive term to account for the van der Waals interaction,

which, as previously mentioned, had recently been calculated [88–91]. This term

took the form of C/r6, in accord with the work by van der Waals, London and Mar-

genau, where C is an adjustable parameter. Mayer [96] later altered this attractive

term for dipole quadropole interactions, such that it took the form of D/r8.

A combination of the repulsive term in Equation 2.14 and the C/r6 attractive

van der Waals term results in the so called Lennard-Jones potential [97–99]:

Φij = −C

r6
+

b

rn
(2.16)

where the first term represents the attractive van der Waals potential. Lennard-

Jones solved for b and C for several different values for n, ranging from 9 to 14.

In modern calculations, the value for n is usually 12, though the Lennard-Jones
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A is related the hardness of the ions, ρ describes the size of the ions while C is used

to model the van der Waals interactions. This latter term can be calculated using

the Slater-Kirkwood formulae [101]. The C term for identical interacting ions can

be written as:

Cii =
3

4
α

3
2
i ·K

1
2
i (2.18)

and for non-identical ions:

Cij =
3αiαj

2[(αi/Ki)
1
2 + (αj/Kj)

1
2 ]

(2.19)

where α represents the static dipole polarizability and K is the effective electron

number (i.e. the number of electrons which contribute to the polarizability). Values

for α and K can be found elsewhere [102].

Short Range Potential Derivation

The success of the calculations described in this thesis depend critically upon the

quality of the short range potentials. Therefore, it is essential that these terms are

derived carefully in order to create an accurate description. There are essentially

two principal methods of deriving potentials: empirically or by direct calculation.

In this work, a combination of both methods was employed.

The empirical fitting of potentials has historically involved a reversed working of

the methods described in previous sections, namely varying the short range param-

eters until the structural and lattice properties agree with experimental observation

(as was done by Born and Landé [94]). Potentials are now chosen to reproduce a

variety of properties, such as: elastic constants, high frequency and static dielectric

constants and lattice energies. Any of these properties can be used in conjunction

with the crystal structure for fitting. Initial values for the parameters are selected
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and adjusted systematically via a least squares procedure:

F =
∑

[fobserved − fcalculated]
2 (2.20)

This adjustment is continued until the difference in Equation 2.20 is below a spec-

ified value. Advantages of this method include its relative simplicity as well as the

ability to describe the full behaviour of a collection of atoms, including any partial

covalency. However, there are several limitations of this method which need to be

considered. Firstly, the crystal structure of complex oxides studied here (e.g. py-

rochlores) has been determined via powder X-ray or neutron diffraction, whereas the

other properties used for potential derivation (e.g elastic constants) are determined

from large single crystals. Ideally, all data would come from the same crystal. If the

same crystal was used, differences due to issues of chemistry (e.g. stoichiometry)

would not occur. Structural data may also have inherent unreliability due to defects

in the material. Furthermore, the lattice energies of these crystals are also subject

to question due to the uncertainty in the second electron affinity of oxygen [103].

Harding et al. have closely examined the variation of the second electron affinity

of oxygen with chemical composition and nuclear structure [104]. They found that

assuming a single value of ≈ 8eV (as is usually the case) is erroneous due to this

value varying with nuclear geometry and crystal structure.

A second limitation of empirical potential derivation is that only one point of

the potential surface is calculated; namely, the equilibrium interionic separation.

This becomes increasingly problematic when considering defective systems, as the

interionic separation will shift away from the equilibrium position. To overcome the

limitation of a single point interionic separation potential, parameters can be fit to

a range of structures simultaneously (e.g. [105]). The resulting potentials relate to

the ionic separations of several different structures, see Figure 2.5, and are therefore

more transferable then if they were fit to a single structure.
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Figure 2.5: The series of compounds that the O2− O2− potential was fit to in order

to derive this potential, reproduced from [105].

Potentials which are fit through direct calculation are derived through a number

of methods, though all are based on quantum mechanics. Using techniques such

as electron gas methods [106] or ab initio calculations [107], ionic positions are

varied systematically to produce a potential energy surface that is a function of ion

position. The inter ionic potential parameters are then fit to best reproduce this

potential energy hyper surface.

An important point is that the potentials need to be derived in a consistent

manner if they are to be used together. For example, cation - oxygen potentials

describing different cations are not necessary compatible in the same simulation

if they were derived with respect to different oxygen potentials. Although it may

be useful to use empirical derivation and direct calculation in a concerted effort to
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derive a set of potentials, it has been found that potentials obtained from different

sources are generally not compatible [108].

2.1.3 Electronic Polarizability

The dielectric constant, ε, of a material is a measure of how effective an electric

field, E, is in polarizing that material and can be expressed as:

ε = 1 + 4π
P

E
= 1 + 4πχ (2.21)

where P is the polarization as defined as the dipole moment per unit volume and

χ is the electric susceptibility. All of the terms in Equation 2.21 are macroscopic

and easily measurable. In order to investigate microscopic phenomenon, a different

property must be introduced. The polarizability is expressed as:

α =
p

Elocal

(2.22)

where p is the dipole moment and Elocal is the local electric field which produces

the dipole. The polarizability can be thought of as a reciprocal force constant, if

Equation 2.22 is rewritten as:

α =
e · x
F/e

= e2 x

F
= e2 1

β
(2.23)

where β is the force constant of Hooke’s law. As expressed in Equation 2.23, α has

dimensions of volume.

In the model employed in this work, polarization is taken into account in two

ways. In the first manner, ions are shifted slightly from their equilibrium positions

subject to the restoring forces from adjacent ions. This is called displacement po-

larization. The second process involves the displacement of electrons around a fixed

ion core or nucleus.
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It is important to include this electronic polarizability in the methodology, espe-

cially when considering large ions and charged defects. However, including electronic

polarizability increases the degrees of freedom and therefore the computational in-

tensity. As a consequence, in this work, only anions and larger cations (e.g. Zr and

Xe) are considered as polarizable in the second manner described.

To account for electronic polarizability, the shell model devised by Dick and

Overhauser is employed [109]. This model describes each ion as consisting of a core

of charge X · e and a corresponding shell of charge Y · e, such that the total charge

of the ion is (X + Y ) · e. The massless shell is coupled to the massive core by a

spring of force constant k (see Figure 2.6), such that the polarizability of the free

ion, αe, can be expressed as:

αe =
1

4πεo

(
Y 2

k

)

= 14.3994

(
Y 2

k

) (2.24)

where εo is the permittivity of free space and the numerical constant applies if Y

is in electron charge units and k is in units of ev·Å2. This expression is similar to

Equation 2.23, where α is in units of Å3.
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model does not appropriately account for the Cauchy violation [111]. If the three

components of the stress tensor are given as X1, X2 and X3, and the three shear

components are given as X4, X5 and X6, then the Hooke stress - strain relation can

be expressed as:

Xi =
6∑

j=1

cijxj (2.25)

where cij are the thirty-six elastic constants. For cubic crystals, there are certain

equalities:

c11 = c22 = c33; c12 = c23 = c31; c44 = c55 = c66; (2.26)

The rest of the matrix is zero if the coordinate axes and the cube axes are parallel,

thus leaving only three independent components. Equivalent relations can be derived

for hexagonal crystals. Even more relations can be derived if the atoms of the crystal

interact with central forces (as they do in the shell model). These are the so called

Cauchy-Poisson relations, for which there exist expressions for cubic and hexagonal

structures. The cubic relation is as follows:

c12 = c44 (2.27)

(A more thorough derivation of the Cauchy-Poisson relations can be found in Chap-

ter II, Section 15 of Seitz’s Modern Theory of Solids [112]). Unfortunately, real

materials often violate Equation 2.27. For example, Table 2.1, where E is the prin-

cipal Young’s modulus, demonstrates that for common materials such as rocksalt

and KCl, the Cauchy relation is considerably violated [113].
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Material E c11 c12 c44

Fluor Spar 1470 1670 457 345

Rock-salt 418 477 132 129

Potassium Chloride 372 375 198 65.5

Table 2.1: Experimental values for elastic constants demonstrating the violation

of the Cauchy relation, reproduced from [113].

However, because the shell model is limited by perfect spherical symmetry, it

is unable to account for this violation. Certain modifications can be made to the

shell model so it is able to model the Cauchy violation. Schroder has introduced

a breathing shell, which allows the shell to distort spherically, thus adding another

degree of freedom [114]. However, this model only works for cases when c12 < c44.

When c12 > c44, Sangster has developed a modification which allows for ellipsoidal

modifications to the shell [115]. In this work, neither of these modifications have

been used, but they are acknowledged as potentially useful.

2.1.4 Energy Minimization

In order for the aforementioned model to be useful in predicting perfect lattice prop-

erties, it must be combined with an energy minimization technique in order to bring

the system to a state of mechanical equilibrium [116]. In this work, all ionic in-

teractions are calculated and each ion subsequently moves a distance proportional

to the force acting on the particle in the direction of the overall field. There are

two procedures to minimize the lattice energy: either at constant volume or con-

stant pressure. Constant volume minimization determines the minimum energy via

ionic coordinates, where only the strains on individual ions are considered. For
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constant pressure techniques, it is necessary to determine the minimum energy not

only through the adjustment of ionic coordinates, but also unit cell dimensions,

accounting for the strains both on individual ions as well as the unit cell.

Under constant volume conditions the lattice energy UL can be expanded to the

second order about a point r, and for the new set of coordinates r′ can be expressed

as:

UL(r′) = UL(r) + gT · δ +
1

2
(δT ·W · δ) (2.28)

In Equation 2.28, g is the first derivative of the lattice energy with respect to ionic

positions:

g =
∂UL

∂r
(2.29)

δ is the displacement (or strain) of a given ion:

δ = r′ − r (2.30)

and W is the second derivative of the lattice energy with respect to r:

W =
∂2UL

∂r2
(2.31)

At equilibrium, the change in energy with respect to strain is zero. Therefore:

∂UL(r′)

∂δ
= 0 = g + W · δ (2.32)

The optimum ion displacement to give rise to the minimum lattice energy is:

δ = −W−1 · g (2.33)

or:

δ = −H · g (2.34)
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where H is the Hessian matrix is the inverse of the second derivative of the lattice

energy with respect to ionic displacement.

The energy of the systems considered in this work are not harmonic, thus the

energy minimum can not be arrived at in a single step. Rather, subsequent displace-

ments, in general, result in lower energy configurations. Thus, the ionic coordinates

are adjusted iteratively until the forces on the atoms are zero. There are two meth-

ods of energy minimization employed in this work: Newton-Raphson and Conjugate

Gradient.

All Newton-Raphson type formulae (e.g. the Borgden, Fletcher, Goldfard, Shanno

formula [117]) serve to iteratively update the Hessian matrix, H, from Equation 2.34:

rn+1 = rn −Hi · gi (2.35)

This however requires the storage of the Hessian matrix of second derivatives, which

is computationally intensive. Furthermore, solving for the second derivative matrix

at each step would result in a less than expeditious overall calculation. For this rea-

son, Conjugate Gradient type minimizations are also employed. These only require

the calculations of the first derivatives of the lattice energy:

β =
gT

i−1 · gi−1

gT
i−2 · gi−2

(2.36)

Conjugate Gradient calculations are computationally less expensive than those of

the Newton-Raphson variety and converge quickly when far from the lattice energy

minimum. However, when near the minimum, the Conjugate Gradient technique

becomes less efficient due to the small gradients. Thus, a combination of these two

techniques is used during the minimization process, beginning with Conjugate Gra-

dient as a coarse refinement until a certain small gradient is met and then switching

to Newton-Raphson type methods in order to finalize the minimization.
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In depth mathematical discussions of energy minimization (including constant

pressure minimization) can be found elsewhere [118,119].

2.2 Defective Lattice

To paraphrase F.C. Frank, “materials are like people, it is their defects that make

them interesting.” Certainly the importance of defects controlling and modifying

materials is clear and is the central theme of this thesis. Therefore, the model

developed in the previous section to describe the perfect lattice will be expanded to

account for defective systems. In this work, the method accounting for the defective

lattice is based on a minimization of the total energy of a system by relaxing ions

around a defect. The effect is confined to a short distance from the defect, which

is facilitated by the use of a two region approach when calculating defect energies,

see Figure 2.7. The response of the ions in the inner Region I is evaluated explicitly

while the response of the ions in the outer Region II is treated as a continuum and

is therefore more approximate.
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Figure 2.8: The effect of Region 1 size on defect energy, for the case of an (VO)··

in CeO2, reproduced from [105].

System Region I (Å) Region IIa (Å)

UO2 13.67 24.06

Pyrochlores ≈10.0 ≈30.0

Table 2.2: Region I and IIa radii.

Region II is subdivided into Region IIa and Region IIb. Region IIa serves as an

interface between Region I and Region IIb (which extends to infinity). The changes

in energy of the ions in Region IIa due to the defect and the relaxation of ions in
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Region I are calculated explicitly. However, the displacements of Region IIa ions are

determined in a single step by calculating the forces on these ions using the Mott-

Littleton approximation [120]. This approximation is applicable since the defect is

assumed to have only a small effect on the ions in Region IIb. Therefore, the entire

response of Region IIb is approximated by the Mott-Littleton method.

The complication the Mott-Littleton method addresses is that the forces on any

ion are not only due to the charged defect, but also to the dipoles which have been

induced in the region of the lattice around the defect. This polarization can be

approximately given by:

P =
q

4πr2

(
1− 1

ε

)
(2.37)

where P is the polarization, q is the charge of the defect, r is the distance from that

defect and ε = εsεo.

According to the conventional treatment of the defective lattice (as developed by

Lidiard and Norgett [121] and Norgett [122]), the total energy of the solid containing

a defect can be expressed as:

E = E1(x) + E2(x, ζ) + E3(ζ) (2.38)

where E1(x) is the energy of Region I, E2(x, ζ) is the energy of the interfacial Region

IIa and E3(ζ) is the energy of Region IIb. The two independent vectors (x) and (ζ)

are the coordinates of ions in Region I and Region II, respectively. As E3(ζ) involves

an infinite number of displacements, it can not be solved explicitly. However, if the

displacements are assumed to be quasi-harmonic, it can then be defined as:

E3(ζ) =
1

2
ζ ·A · ζ (2.39)

where A is the force constant matrix. This expression can substituted into Equation

2.38 and at the equilibrium condition:
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∂E

∂ζ
=

∂E2(x, ζ)

∂ζ

∣∣∣∣
ζ=ζ

+ A · ζ = 0 (2.40)

thus leading to an alternate expression for E3(ζ):

E3(ζ) =
1

2

∂E2(x, ζ)

∂ζ

∣∣∣∣
ζ=ζ

· ζ (2.41)

which also leads to an alternate expression for the total energy:

E = E1(x) + E2(x, ζ)− 1

2

∂E2(x, ζ)

∂ζ

∣∣∣∣
ζ=ζ

· ζ (2.42)

where ζ are the equilibrium coordinates of ζ. The total defect energy can then be

calculated by minimizing with respect to x and ζ.

2.3 Surface Energy Calculation

As mentioned in Chapter 1, a surface can be thought of as a large defect. There-

fore, many of the previously mentioned methods can be employed when modelling

surfaces. In the case of surface calculations, a unit cell is defined, cut in a specified

orientation and duplicated via periodic boundary conditions in 2D, see Figure 2.9.

In the third dimension the repeat block of material including the surface extending

approximately 30Å in the bulk constitutes Region I. Beneath that is an additional

30Å of material, Region II, in which the ions retain their perfect lattice position.

This Region II is not able to polarize in response to the surface, which, as will be

seen, places an important limitation on our calculations. The interactions between

ions are treated the same as when considering bulk defects, namely a long range

Coulomb interaction and a short range potential. Again, the Buckingham potential

has been employed when considering surfaces, as it has been for bulk materials.
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2.4 Computational Codes

2.4.1 CASCADE

CASCADE (Cray Automatic System for the Calculation of Defect Energies) was

written in Fortran at the Daresbury Laboratory [127], specifically for the CRAY-1

computer. In this study, CASCADE is exclusively used for perfect lattice calcula-

tions and for defect energy calculations.

2.4.2 GULP

GULP (General Utility Lattice Program) is an improvement from earlier codes in

that it has an automated empirical fitting of potential parameters feature. This

feature subsequently allows for a simultaneous multi-structural fit routine.

2.4.3 MARVIN

MARVIN’S (Minimization And Relaxation of Vacancies and Interstitals for Neutral

Surfaces) Program was developed at the Royal Institution of Great Britain for study-

ing surfaces and interfaces [77]. MARVIN is based upon a similar code, MIDAS,

developed by Tasker in the late 1970’s [73]. MARVIN improves upon the MIDAS

code by utilizing the increase in computer capability to calculate the surface ener-

gies of not only simple cubic crystals, but also more complex carbonates, sulfates,

phosphates, etc. MARVIN also allows for the introduction of ions and molecules to

the surface, which is important in modelling crystal growth and catalysis.

MARVIN considers a simulation cell of a finite number of atoms, which are

repeated in 2D (as previously described). The cell consists of a Region I and II. In

this regard, MARVIN is similar to CASCADE, in that it relaxes Region I atoms

explicitly whereas those in Region II remain fixed. The total energy of the system is
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defined as the energy of all the Region I structural units, all the Region II structural

units and the periodic images of both regions. Since only two body terms are

considered, the total energy can be expressed as:

Etotal =

NI∑
a

[
1

2

∑
l 6=0

Vaa(|l|) +
1

2

NI∑
b6=a

∑
l

Vab(|rab + l|) +

NII∑
b

∑
l

Vab(|rab + l|)

]
(2.43)

where NI is the total number of particles in all Region I, NII is the total number of

all particles in Region II, l are the 2D lattice vectors and rab is the vector between

particle a and particle b. The first term inside the brackets describes the interactions

between a particle and its periodic images. The second term describes the interac-

tions between all Region I particles and their images. The third terms describes the

interaction between Region I and Region II.

Perfect lattice energies calculated with CASCADE can be used to determine total

energies, which are subsequently used in MARVIN because both codes use energy

minimization techniques and identical forces. Therefore, the energies calculated are

comparable.

The MARVIN code has been used in the past to predict atomistic interaction

between atomic force microscope tips and ionic surfaces [128] as well as to predict

the morphology of UO2 [45].

2.5 Listing of Short Range Potentials

Table 2.5 lists the short range Buckingham potentials used throughout this work.

Shell parameters are given in Table 2.5. In each of these tables, the origination

of the potential is referenced, though it should be noted that there is consistency

between them as they were all derived within the Atomistic Simulation Group of
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Imperial College and with respect to the same O2−-O2− potential.

Species A (eV) ρ (Å) C (eV·Å6) Reference

O2−-O2− 9547.96 0.2192 32.0 [129–134]

Lu3+-O2− 1618.80 0.33849 16.27 [133,135]

Yb3+-O2− 1649.80 0.3386 16.57 [105]

Er3+-O2− 1739.91 0.3389 17.55 [105]

Dy3+-O2− 1807.84 0.3393 18.77 [135]

Pr3+-O2− 2055.35 0.3438 23.95 [105]

Y3+-O2− 1766.40 0.33849 19.43 [134]

Gd3+-O2− 1885.75 0.3399 20.34 [105]

Eu3+-O2− 1925.71 0.3403 20.59 [105]

Sm3+-O2− 1944.44 0.3414 21.49 [105]

Nd3+-O2− 1995.20 0.3430 22.59 [105]

La3+-O2− 2088.89 0.3460 23.25 [105]

Ti4+-O2− 2131.04 0.3038 0.0 [136]

Ru4+-O2− 1215.78 0.3441 0.0 [105]

Mo4+-O2− 1223.97 0.3470 0.0 [105]

Sn4+-O2− 1414.32 0.3479 13.66 [105]

Pb4+-O2− 1640.34 0.3507 19.50 [105]

Zr4+-O2− 1502.11 0.3477 5.10 [105]

Ce4+-O2− 1809.68 0.3547 20.40 [137]

U4+-O2− 1761.78 0.3564 0.0 [138]

Ba2+-O2− 905.70 0.3976 0.0 [139]

Sr2+-O2− 682.17 0.3945 0.0 [138]

Kr0-O2− 800.38 0.3888 52.48 [154]

Xe0-O2− 598.00 0.4257 76.96 [154]

Kr0-U4+ 5912.78 0.3191 50.34 [36]

Xe0-U4+ 6139.16 0.3395 71.84 [36]

Table 2.3: Short-range pair potential parameters.
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Species Y (e) k (eVÅ−2) Reference

O2− -2.04 6.3 [129–134]

U4+ -0.10 160.0 [129]

Zr4+ -0.05 189.7 [105]

Pb4+ -0.05 205.0 [105]

Ce4+ -0.20 177.84 [105]

Kr0 -9.90 573.7 [36]

Xe0 -11.3 460.8 [36]

Table 2.4: Shell parameters.
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Chapter 3

Solution of Fission Products in

UO2

“As things stand, I find it very difficult to assume such a degree of ‘bursting,’

but we’ve had so many surprises in nuclear physics that one can’t very well

say it’s impossible.”

Lise Meitner

Letter to Otto Hahn, Dec. 21 1938

3.1 Introduction

UO2 is the standard nuclear fuel used in modern, conventional power reactors (e.g.

PWR, BWR and AGR). The oxide phase of fissile uranium provides the necessary

thermodynamic stability required in operating conditions. It then follows that an

extensive knowledge of the properties of this material is necessary. Unfortunately,

experimental research is costly, especially if fission products are considered. There-

fore, computer simulation is a desirable alternative. In this chapter, an attempt is
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made to clarify the situation of the existing, but conflicting sets of data concerning

the solution of defects corresponding to fission products.

3.2 Previous Work

3.2.1 The Chemical State of Fission Products

As mentioned previously in Chapter 1, fission products will vary chemically and

physically, such that absolute yield is not the only important consideration. Sev-

eral attempts have been made to classify fission products into categories based on

their chemistry [37, 140], see Figure 3.1. The chemical state of fission products is

important in that the chemical state influences the physical properties of the fuel,

e.g. thermal conductivity, swelling, melting point, etc. [37].
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ton and xenon, bromine and iodine are chemically reactive with other species in this

gap [145]. In fact, it has been suggested that iodine may react with the zircalloy

fuel cladding material thus leading to stress related cracking [146]. Until this issue

has been settled, reactor design must account for non-appreciable concentrations of

iodine in the fuel cladding gap.

A number of other fission products precipitate out of solution in the form of

a complex oxide, which is referred to as the “grey phase.” The composition of

grey phase precipitates will vary with fuel composition and reactor history, though

the main constituents include Ba, Zr and U, see Figure 3.1. The most commonly

reported precipitates are perovskites of the type [Ba1−x−ySrxCsy](U, Pu, Ln, Zr,

Mo)O3 which are essentially substituted BaZrO3 [147].

The fission products found in solid solution include Sr, Y, Nb and the lanthanide

ions. The extent of Sr solubility is dependent on the metal to oxygen ratio. For

example, the solubility of Sr is over ten times higher in UO2 than UO1.94 [37]. It

has also been suggested that Sr is more soluble than its chemical relative Ba [148].

It is then likely that Sr will remain in the fuel while Ba will precipitate in the grey

phase. It has also been observed that chemical relatives Ce and Zr exhibit different

solubilities, where Ce is more soluble than Zr [149]. Concentrations of CeO2 in excess

of what is the result of fission (at usual burnups) have shown complete solubility in

a range of UO2 non-stoichiometries down to room temperature. ZrO2 is only soluble

above 1350oC.

The remaining quarter of fission products will precipitate out of solution in the

form of metallic inclusions. These precipitates are known as the “white phase,” and

are comprised mainly of 4d transition metals Mo, Tc, Ru, Rh and Pd [37].
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3.2.2 Calculation of Fission Product Solution Energy

Motivated by the fundamental diversity of uranium dioxide and subsequently its

technological importance, great interest has been placed upon this material. To

reiterate, experimental studies on this material are very difficult indeed, given the

extreme conditions of greatest technological importance. UO2 thus lends itself to

reliable theoretical studies. Early studies on defects in UO2 [150] demonstrated the

viability of pair potential calculations, deriving suitable parameters and calculating

a range of defect energies which were in accord with the experimental data of the

time.

These early studies prompted the development of more refined studies. Later

studies calculated with increased accuracy: defect formation, clustering, migration

and solution energies [151–153]. Initial fission product studies were confined to the

volatile fission products Xe and Kr [154–158], which determined the solution sites

of these fission products as a function of stoichiometry.

Of particular relevance to this work is that of Grimes and Catlow [36], whose

paper on the stability of fission products provides a review of the experimentally

demonstrated behaviour of fission products and proceeds to discuss the develop-

ment of a theoretical model which incorporates all of the constituents required to

simulate the properties of fission products in UO2 at thermodynamic equilibrium.

The calculations of that study were carried out at the atomistic level, employing the

methodology described in Chapter 2. The work considered the solution of fission

products at existing trap sites. With the eventuality of fission products outnum-

bering existing trap sites, the energy to form trap sites was included. In order to

facilitate this, trap site equilibria for Frenkel and Schottky intrinsic defects had to

be calculated. From these calculations, Grimes and Catlow were able to predict

equilibrium solution sites for many fission products at different stoichiometries.
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It was found that the equilibrium solution site is stoichiometry dependent. For

example, the low energy solution site for Xe in hypo-stoichiometric UO2−x and

stoichiometric UO2 was the neutral tri-vacancy. However, for hyper-stoichiometric

UO2+x, the lowest energy site was the uranium vacancy. Similar behaviours were

observed for other fission products. The calculated low energy solution sites for Xe,

Cs and Rb were all substantiated by experiment [159], but there exists no other

experiment with which to compare the remaining data.

The solution of oxides was also considered using this model (e.g. Cs2O, BaO,

La2O3 and ZrO2). A significant aspect of this model is that it is able to predict

the differences in the variation of solubility with stoichiometry exhibited by fission

product compounds. There is certainly room to expound the behaviour of the

components of fission product precipitates with changing fuel history.

There have also been recent ab initio UO2 point defect studies [160–162]. These

studies employ the local-density approximation and apply it to density-functional

theory. The defect energies are calculated using a linear muffin-tin orbital super-

cell method. In this supercell method, a characteristic region is defined and then

repeated periodically. Due to the complexity of these calculations, the supercells

are rather small, for example 12 and 24 atoms in the work of Petit et al. [161]. A

limitation of this type of calculation is that the atoms surrounding the defect are

not permitted to relax on account of the defect.

In regard to formation energies of oxygen and uranium vacancies, interstitials

and Frenkel pairs as well as Schottky trio defects, the ab initio results are in good

agreement with the aforementioned classical studies. However, those authors contest

that there are discrepancies with the classical studies when confronting the issue of

the location of Kr atoms [160]. This was due to a misunderstanding of the definitions

of solution and incorporation energy as defined by Grimes and Catlow [36]. Once
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corrected, the ab initio and classical results agree remarkably well. The discrep-

ancy and its origin are discussed in detail in Section 3.3 and have been previously

published in a letter by Stanek et al. [163].

3.3 Location of Krypton Atoms in UO2

In a recent paper, Petit et al. [160] discussed their results concerning an ab ini-

tio study of the location of krypton in UO2. The results from this study were

compared to similar studies, which employed different techniques, namely experi-

mental [142,164] (Rutherford backscattering) and theoretical (energy minimization

based on pair potentials) [36]. The paper concludes that their result (of the neutral

tri-vacancy trap site providing the lowest solution energy for Kr) is in agreement with

experiment, but in contradiction with previous theoretical studies. Petit et al. sug-

gest that the “crude approximation made in semi-empirical (pair potential) schemes

can explain some of the discrepancies with the results obtained in the present study.”

It is our understanding that it is not the approximations inherent to pair potentials,

but rather a misinterpretation of terms which has led to the discrepancy and in fact

the two sets of results agree remarkably well.

3.3.1 Discussion

In the previous work by Grimes and Catlow [36], two definitions were given for the

energy associated with placing fission products in the UO2 lattice. The first was

the incorporation energy (i.e. the energy to place a fission product at a pre-existing

trap site). The energies of two atomic configurations must be calculated: the empty

trap site and the fission product at the trap site. Then, the incorporation energy is

given by:
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incorporation = energy of fission product − energy of empty
energy in trap site trap site

Inherent in this definition is the assumption that there are more trap sites than

fission products. Given the large defect energy of trap sites (defined as the calculated

energy to remove the appropriate ions from the lattice to infinity), this is unlikely

to be the case. Therefore, a second definition was made, the solution energy. This

assumes that for the fission product to be accommodated in the lattice, the energy

to form the trap site in equilibrium with the majority Frenkel intrinsic defects must

be accounted for. The solution energy is then:

solution = incorporation − equilibrium trap
energy energy formation energy

Of course the equilibrium trap formation energy is a strong function of stoi-

chiometry. The energies for equilibrium trap formation are given in Tables 3.1 and

3.2, where Table 3.1 denotes how each energy is calculated and Table 3.2 provides

the corresponding values [36].
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Trap Site UO2−x UO2 UO2+x

oxygen vacancy nil 1
2
EF EF

uranium vacancy ES ES-EF ES-2EF

di-vacancy ES-BDV ES-1
2
EF -BDV ES-EF -BDV

neutral tri-vacancy ES-BNTV ES-BNTV ES-BNTV

charged tetra-vacancy 2ES-BCTV 2ES-EF -BNTV 2ES-EF -BNTV

Table 3.1: The effective energy to form a trap site, where ES is the Schottky trio

formation energy = 13.34eV; EF is the Frenkel pair formation energy = 6.82eV; BDV

is the binding energy of a di-vacancy = 3.24eV; BNTV is the binding energy of a

neutral tri-vacancy = 4.93eV; BCTV is the binding energy of a charged tetra-vacancy

= 8.89eV. Reproduced from [36].

We are now in a position to understand the confusion. Petit et al. [160] calcu-

lated incorporation energies which were then erroneously compared to the solution

energies of Grimes and Catlow [36]. Petit et al. [160] found the discrepancy puzzling

since the agreement between the two sets of calculations is correct for simple point

defects (interstitial, oxygen and uranium vacancies) but very poor for more complex

structures (divacancy and neutral tri-vacancy). This discrepancy can easily be ex-

plained. The trap site formation energy for simple point defects is either negligible

or zero, whereas for more complex defect structures there is a more substantial trap

site formation energy, see Table 3.2. For example, there is a 5eV disparity between

the trap site formation energies of an oxygen vacancy and a neutral tri-vacancy in

stoichiometric UO2.
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Trap Site UO2−x UO2 UO2+x

oxygen vacancy 0.0 3.41 6.82

uranium vacancy 13.34 6.51 -0.31

di-vacancy 10.09 6.68 3.27

neutral tri-vacancy 8.41 8.41 8.41

charged tetra-vacancy 17.78 10.96 4.13

Table 3.2: Calculated values for trap site formation energies in eV, according to

Table 3.1, reproduced from [36].

To rectify the discrepancy, the pair potential trap site formation energies of

Grimes and Catlow [36] are added to the ab initio incorporation energies of Petit

et al. [160], resulting in hybrid ab inito/pair potential values, see Table 3.3. Unfor-

tunately, there is insufficient past data from which to formulate ab initio trap site

formation energies [161,165,166].
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3.3.2 Conclusion

When corrected for trap site formation energy, the hybrid ab initio results agree

remarkably well with the pair potential results, especially for those complex defect

structures which provide the most stable solution sites. However, what should also

be noted from these studies is the predicted preference for Kr solution at di-vacancies

in stoichiometric UO2. Furthermore, that these two studies agree does not invalidate

the agreement with experiment. The experimental work was conducted on Xe, which

is a considerably larger atom than Kr and consequently, solution is expected at

the larger neutral tri-vacancy trap, despite the chemical similarity of Kr and Xe.

Of course, a hybrid ab initio/pair potential calculation is not entirely satisfactory.

Therefore, it would be beneficial to calculate the equilibrium solution site energies

ab initio. It is accepted that good quality ab initio simulations are inherently more

reliable than pair potential calculations. However, in the event of a more complete

comparison between the techniques, attention should also be paid to the difference

between large unit cell simulations [160] and isolated defect cluster calculations that

relate to the infinite dilute limit.
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Chapter 4

Segregation of Fission Products to

UO2 Surfaces

“But we know from observation that it is only within very small distances of

such a surface that any mass is sensibly affected by its vicinity, - a natural

consequence of the exceedingly small sphere of sensible molecular action.”

J.W. Gibbs

On the Equilibrium of Heterogeneous Substances, 1875

4.1 Introduction

Segregation of fission products to the stable low index surfaces of UO2 has been

predicted using atomistic simulation techniques. Three pairs of fission products

were considered: isolvalent Ce4+ and Zr4+, divalent Ba2+ and Sr2+ and zero valent

Kro and Xeo. The divalent and zero valent fission products are charge compensated

by oxygen vacancies. Three low index surfaces are considered: (110), (111) and

(100). The (100) surface is dipolar (Type III) and therefore unstable. Thus, a series
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of surface defects must be incorporated to neutralize the dipole. The dependence

of segregation upon specific surface type, configuration of surface defects on dipolar

surfaces, defect cluster geometry and fission product chemistry is discussed.

4.2 Previous Work

4.2.1 Experimental Segregation Studies

Properties of oxide materials (e.g. strength, sinterability, conductivity, creep, etc.)

are governed to a large extent by defects as well the structure and stability of sur-

faces and interfaces. Understanding the segregation of impurities to these surfaces

and interfaces will therefore be important in controlling materials properties. Un-

fortunately, experiments in this area are few, attesting to the difficulty of these

types of study. The seminal work of McCune and Wynblatt [167] has served as an

impetus to motivate further work. They investigated the segregation of Ca2+ to

the (100) surface of the prototypical ionic ceramic, MgO, by using low energy ion

scattering spectroscopy and Auger spectroscopy to measure equilibrium surface cov-

erage. Roshko and Kingery similarly looked at segregation of Ca2+ in MgO [168], but

rather than to (100) surfaces, they investigated three high angle grain boundaries

using scanning transmission electron microscopy. They found different segregation

behaviour for Ca to the different boundaries, suggesting that grain boundary struc-

ture does have an effect on segregation.

In order to better understand the phenomenon whereby MgO beneficially af-

fects the sintering of Al2O3, Baik, Mukhopadhyay, Blakely et al. investigated the

segregation of Mg and Ca to Al2O3 surfaces [63, 169, 170]. Early grain boundary

experiments on MgO doped Al2O3 surprisingly revealed the segregation of Ca [171].

This observation was interesting considering that the concentration of Ca in the bulk
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was between 5 and 15 ppm. In similar surface sensitive experiments, Ca was also

found [172–174]. Unfortunately, Ca has a detrimental effect on densification [175].

Nevertheless, due to these early segregation studies, Baik, Mukhopadhyay, Blakely

et al. were forced to consider Ca as well as Mg in their experiments.

An interesting result from the work of Mukhopadhyay et al. is that the segre-

gation behaviour of both Ca and Mg was different for the (101̄0) prismatic plane

than it was for the (0001) basal plane of Al2O3. The effective heat of segregation

for Mg was found to be lower for the basal plane than the prismatic plane, although

qualitatively similar (differing only by ≈0.5eV) [63]. Baik and White found that Ca

did not segregate to the (0001) surface while there was strong segregation to the

(101̄0) surface [169].

4.2.2 Modelling Segregation Studies

The simulation of segregation can be considered as a progression of the early compu-

tational work of the type mentioned in Chapters 2 and 3. Much of the methodology

is based exactly on the earlier bulk material and surface methodology. As men-

tioned in the previous section, experimental segregation studies are very difficult

to perform. It then follows that simulation studies concerned with segregation can

be potentially useful in providing information where equivalent experimental work

would be rather challenging. Furthermore, simulations can be a valuable tool not

only in predicting segregation behaviour, but also in complimenting or directing

experimental work.

That said, there have been relatively few segregation simulation studies com-

pared to equivalent studies of bulk materials or even surface structure. Nevertheless,

several simulation methods for determining segregation trends have been applied.

Monte Carlo techniques have been used previously in metals [176, 177], but until
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recently have not been used in ionic solids because of their computational intensity.

Harding et al. have used modified, kinetic Monte Carlo techniques to investigate

diffusion in grain boundaries in the ionic solids NiO and Al2O3 [178], but not segre-

gation to these boundaries.

The early work of Tasker and co-workers used similar techniques as described in

Chapter 2 to determine surface energetics and segregation trends in metal oxides [76,

179–181]. In the first of these studies [76], Tasker et al. combined detailed atomistic

simulation techniques with simple statistical mechanics to describe Ca segregation to

surfaces of MgO. Results obtained using potentials derived both empirically and by

quantum mechanical calculations were in agreement with the experimental results of

McCune and Wynblatt discussed previously [167]. Defect formation energies near

surfaces and grain boundaries were also investigated [179, 180]. In these studies,

it was found that defect formation energies vary with depth from the surface or

boundary. This result suggests that the population and kinetics of defects are surface

or boundary dependent. Tasker et al. then expanded the scope of their work by

considering the segregation of Be, Mg, Ca, Ba and Ni to (001) and (110) surfaces of

MgO and CaO [181]. Not only did this seminal paper investigate the concentration

and segregation of defects at the surfaces of MgO and CaO, but also accounted for

ensuing effects, such as facetting. It was also shown that dopants near the surfaces

of MgO and CaO can have important effects on the structure and properties. An

interesting review can be found in another paper by Tasker [182].

Cotter et al. also investigated Ba segregation in MgO, both experimentally with

XPS and theoretically using atomistic simulation techniques [183]. Unfortunately,

the scatter in the experimental data was too large to allow meaningful compari-

son with the modelling results. Cotter et al. also specifically assumed that the

vibrational entropy of segregation was small compared with the enthalpy of segre-
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gation [183].

With a method well established to determine segregation trends to surfaces of

simple oxides, more complex materials were duly investigated. Davies et al. inves-

tigated the segregation of various dopants to surfaces of oxides with the corundum

structure [184]. In contrast to the Langmuir adsorption model, their results suggest

that segregation enthalpy is coverage dependent. Their results for Ca segregation

to the prismatic plane of Al2O3 qualitatively agree with the previously mentioned

results of Baik et al. [169], though they noted that the results for the basal plane

were not as convincing, citing the complexity of the segregation phenomenon.

A review of the work conducted at the University of Bath is provided in [185].

Not only does this paper detail the simulation of impurity segregation to surfaces

of Al2O3 and ZrO2, but also discusses morphology as well as the generation of

segregation paths via molecular dynamics. Of particular relevance to the work in

this thesis is the study by Sayle et al., which investigated the segregation of Rh3+,

Pd2+ and Pt2+ to the (111) and (110) surfaces of CeO2 [186]. For Pd2+ and Pt2+,

they found preferential segregation of isolated defects as well as the formation of

coherent second phases at the (111) surface.

The work of Sayle et al. paved the way for more recent studies, such as that of

Slater et al. [187]. This work investigated the segregation of Sb to the (110) and

(001) surfaces of SnO2. Applications for SnO2 include gas sensors and thin film

coatings, and the conductivity of this material may be enhanced by doping with Sb

or by forming oxygen vacancies. However, both Sn and Sb exhibit variable charge

states, which increases the number of potential contributing defects. Slater et al.

therefore began this study by calculating defect energies for Sb3+, Sb5+, Sn2+ and

Sn4+ as well as an oxygen vacancy, and their corresponding defect clusters. Surface

energies for SnO2 were then calculated and successfully compared to the work of
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Mullheran and Harding [188]. Segregation energies were calculated for each defect

complex by comparing bulk defect energies with those on the surface.

In attempt to improve upon the Langmuir - McLean method (LM), utilized

in aforementioned studies [181, 182] to determine segregation trends, Srolovitz et

al. have used the atomistic simulation type methods (LM) to describe atomic in-

teractions and combined it with a minimization of free energy [189, 190]. Several

limitations of the LM method are cited by Srolovitz et al. as the reason for employ-

ing free energy minimization. These limitations include: the inability to account

for surface concentration, neglect of the finite extent of segregation (i.e. not just

at the surface), inaccurate emphasis on solute misfit as well as the lack of account-

ing for vibrational contributions. The free energy minimization technique used by

Srolovitz et al. combines interionic pair potentials with a local harmonic approxi-

mation of lattice dynamics [190] and a mean-field effective atom representation of

solute concentrations [191]. Srolovitz et al. have used this technique to calculate the

segregation of Ca2+, Mn2+ and Sr2+ to the (001) and (011) surfaces of CaO, MnO

and SrO. Each of these oxides was doped with Co, Fe and Ni. Despite a different

approach, the results of Srolovitz were found to be in agreement with both LM and

Monte Carlo methods [189]. The agreement with LM methods suggested to the

authors that vibrational effects are of only limited importance in determining the

segregation to free surfaces, thereby supporting the assumption of Cotter et al. [183].

4.3 Surfaces of UO2

The three stable, lowest index surfaces of UO2, as defined by Miller indices, are the

(110), (111) and (100). Recalling the Tasker classification of surfaces described in

Chapter 1, the (110) surface is a neutral Type 1 surface and therefore has no surface

normal dipole to account for. The anion terminated (111) surface has charged
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hybrid was also recently seen in MD simulations of the (100) surface of CaF2 [192].

In this case, the (100) surface was simulated by using a single cluster of 3645 ions

bounded by (111) and (100) surfaces. The (100) surface sizes were equivalent to

an array of 3x3 single cells. After equilibrating for 10ns at 300K, the (100) surface

consisted of an intergrowth of type A and type AB surfaces.

As the A, B and AB were found to be the lowest energy surfaces, they are

the three that are considered in this segregation study. However, for segregation

calculations, a 3x3 unit cell size has been employed as opposed to 2x2, in order to

reduce defect - defect interactions between adjacent period boundary images. A 3x3

repeat unit clearly leads to many more surface configurations than the 153 considered

by Abramowski. To be sure, the number of ways to configure the surface oxygen

ions in a 3x3 cell size has not yet been calculated (although, without symmetry the

number of configurations is greater than 9x109). It is an assumption of this work

that the three (100) surface configurations utilized remain the low energy surfaces

with the larger surface repeat unit size. However, when the AB surface consisting

of 3x3 cells is repeated, rather than a strictly AB surface (as would be the case if

the repeat cell was 2x2), an intergrowth of AB and B is obtained. This intergrowth

is analogous to that observed in CaF2 and is therefore considered in this work.

Previous surface studies have been concerned with equilibrium morphology and

stability of various crystallites. Those of particular relevance were conducted on

stoichiometric CeO2 [137] and UO2 [45]. Both of these oxides crystallize in the fluo-

rite structure, as mentioned in Chapter 1. These studies are similar in methodology

(atomistic simulation as described in Chapter 2) and employ the same computa-

tional code (MARVIN) as used in the work presented in this thesis. Both previous

studies predict that the equilibrium morphologies of CeO2 and UO2 are dominated

by the (111) face. However, if thermodynamic equilibrium is not reached, and mor-
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phology is instead governed by growth (i.e. kinetics), other surfaces were shown to

be of importance (e.g. (100)).

STM experiments which have been conducted on all three of the UO2 surfaces

considered in this work [193–196] show that the structure of UO2 surfaces can be

quite complex, and that it is not necessarily accurate to assume that a simple low

energy (111) surface is always sufficient. Temperature and stoichiometry can have

effects on the surface termination. For example, the (110) surface of stoichiometric

UO2 has been shown to be slightly defective, with missing rows of surface atoms

along the [11̄0] direction [196]. However, the (110) surface of hyper-stoichiometric

UO2+x has been shown to be different than the stoichiometric surface. Muggelberg

et al. suggest the formation of dimer pairs on the hyper-stoichiometric (110) surface

to be the initial stages of U-O superstructure formation, as described by Campbell et

al. [197]. The formation of this superstructure is suggested to be a function of tem-

perature and extent of non-stoichiometry. Nevertheless, in the STM experiments, it

was not clear if equilibrium had been established.

It should be noted that in this thesis, a stoichiometric material is assumed, and as

such, the results are not applicable to non-stoichiometric UO2±x, though it is noted

that the investigation of the superstructure surfaces inherent to non-stoichiometric

UO2±x as described above is worthwhile.

4.4 Methodology

In this work, three types of segregating species are investigated, categorized by their

charge state. Ce4+ and Zr4+ are of the same charge state as U4+, and therefore

simply substitute for U4+. This is in concert with previous calculations [36], which

have determined the low energy solution site for Ce4+ and Zr4+ in stoichiometric

UO2 to be a uranium vacancy. Ba2+ and Sr2+ are also considered to substitute for
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U4+, but since they also substitute at uranium sites, the dissimilar charge needs to

be compensated by an oxygen vacancy. Again, when compared to previous solution

site calculations, the uranium/oxygen divacancy is a competitive site. Unfortu-

nately, since it uses a supercell repeat methodology, MARVIN is unable to account

for charged defects, and therefore, it was not possible to consider isolated charged

solution sites. Finally, zero-valent Kro and Xeo substitute for U4+, but need to

be charge compensated by two oxygen vacancies. As discussed in Chapter 3, the

neutral tri-vacancy is the low energy solution site for these fission products.

Since these calculations are not dynamical in nature, it is necessary to develop a

strategy to determine segregation trends from available data. This study investigates

the effect of surface relaxation on segregation. As such, a characteristic repeat unit

is defined. To determine segregation trends, each of these fission product defects is

introduced into the bulk, where a calculation is performed to determine its energy.

The defect is then systematically moved stepwise to the surface, where a calculation

is performed at each layer (see Figure 4.2). These energies are then compared to

one another and plotted as a function of depth. By means of relative energies,

this approximately describes the chemical potential, which is the driving force for

segregation. It is important to note that the energies used to determine and discuss

segregation trends are relative.
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(a) 1x1x6 (b) 2x2x6

(c) 3x3x9

Figure 4.3: The calculated relative energies of {(BaU)
′′
:(VO)··} as a function of

depth from the (111) surface using 1x1x6, 2x2x6 and 3x3x9 simulation cells re-

spectively. As the simulation cell increases in size, the unphysical defect - defect

interaction is reduced.

To reduce the defect-defect interactions, larger simulation cells were used. The

2x2x6 simulation cell in Figure 4.3(b) was also found to be unsatisfactorily small.

Therefore, a 3x3x9 unit cell simulation block was employed, see Figure 4.3(c). There

are several reasons to use a simulation block of this size. First, some evidence
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of horizontal defect - defect interaction remains in Figure 4.3(b) (though greatly

reduced). Second, in some results (to follow), cluster configuration effects were still

evident at depths greater than 6 unit cells (see next section). Results for each of the

two larger cell sizes are compared to the 1x1x6 cell size in Figure 4.3. It is clear that

by using a repeat cell of 3x3x9 unit cells, the total defect energies have converged

with respect to cell size. The results which follow are denoted with the simulation

cell size that was used.

4.4.1 Orientation of Fission Product Defect Clusters

In Chapter 3, the concept of low energy solution site was introduced in regard

to defect clusters. For example, in these segregation calculations Ba and Sr are

considered as a constituent of a defect cluster which also consists of a single oxygen

vacancy and single uranium vacancy (where the divalent ion resides). This cluster

is configured such that the oxygen vacancy is in a nearest neighbour position with

respect to the Ba or Sr atom, as it was calculated to have a lower energy than other

defect clusters [36]. This preference was determined by calculating the binding

energy of the cluster, where binding energy is defined as:

BEcluster =

 ∑
components

Edefect

− Ecluster (4.1)

Binding energies are calculated by systematically moving the oxygen vacancy in

question (namely, in Kröger-Vink notation (VO)··}) away from the Ba or Sr at the

uranium site (i.e. {(MeU)
′′
) one atomic position at a time and calculating the defect

energy at each step. A positive binding energy indicates a preference for the defects

to form a cluster rather than to remain isolated. From Figure 4.4, it is clear that

the nearest neighbour configuration is preferred.
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Comparison of segregation trends is also facilitated by a second energy, ET , which

is defined as the difference between the energy of the fission product at the surface

and the energy of the fission product in its most stable position, often just beneath

the surface. In this regard, Zr4+ behaves slightly different than Ce4+. For Zr4+,

EZr
T = 0.352eV, which is considerably greater than ES, suggesting that Zr4+ will not

segregate to the (111) surface, but will remain trapped just below the surface. This

trap is not evident for Ce4+, with ECe
T - ECe

S = 0.004eV. It is likely that the disparity

in ionic radii between U4+ and Zr4+ (0.89 vs. 0.72 Å respectively) gives rise to the

subsurface trapping phenomenon, while the similarity in ionic radius between U4+

and Ce4+ (0.89 vs. 0.87 Å respectively [6]) may explain the lack of trapping.
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Figure 4.10: The calculated relative energies of (CeU/ZrU)
′′′′

as a function of

depth from the (111) surface, where ET is the trap energy and ES is the segregation

energy.
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It should be noted that the manner in which segregation trends are calculated

in this work differs from the method of Slater et al. [187] as discussed in Section

4.2.2. In their work, Slater et al. define ES as the difference between the energy of

a defect in the bulk and at the surface. Srolovitz et al., as previously mentioned in

Section 4.2.2, make note of this limitation of the Langmuir - McLean analysis, citing

that segregation to subsurface layers is appreciable. The methodology of this work

(i.e. performing a calculation at each atomic layer, from the surface to the bulk),

describes the segregation behaviour at each atomic layer, rather than only comparing

the surface to the bulk. Nevertheless, this is still only part of the complete picture

as kinetic barriers to migration of fission products to surfaces are not considered.

In Figure 4.11, it is clear that there is a pronounced driving force for both Ba2+

and Sr2+ to segregate to the (111) surface of UO2. The segregation energies for Ba2+

and Sr2+ are EBa
S = -2.706eV and ESr

S = -1.603eV respectively. Clearly, the driving

force for Ba2+ to segregate is greater than for Sr2+. Again, this disparity in ES can

be attributed to ionic radius mismatch. The ionic radius for Sr2+ (1.18Å) is more

similar to U4+ (0.89Å) than is the radius for Ba2+ (1.35Å).

Figure 4.11 also shows that within the bulk (i.e. >11Å from the surface) there

is practically no preference between the cluster configurations. Conversely, nearer

to the surface, it appears that there is a cluster configuration dependence. This

behaviour is a consequence of how the strain field induced by the cluster interacts

with the strain field induced by the surface (i.e. a competition between the relaxation

modes).
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Simulations involving Xe and Kr proved to be very difficult and only preliminary

results were obtained. These are presented in Figure 4.12. The complexity of the

Schottky trio made calculations of this type difficult. More calculations are needed

in order to make a more reliable and systematic statement. However, the indication

from Figure 4.12 is that Kr does not segregate to the (111) surface. It is even more

difficult to make a statement about Xe segregation from Figure 4.12. Nevertheless,

it appears that for the (a) configuration, there is a segregation barrier. However,

calculations for the (b) and (c) configurations have not been completed to the extent

that an argument for or against segregation can be made.

107



Segregation of Fission Products to UO2 Surfaces

Figure 4.12: The calculated relative energies of {(VO)··:(KrU/XeU)
′′′′

:(VO)··} as

a function of depth from the (111) surface.
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Another apparent problem with this simulation is that in the bulk, the different

cluster configurations do not have the same energy. As previously mentioned, this

is because the cluster is approaching the Region I - Region II boundary. Thus, the

cluster causes a distortion to the lattice that cannot be propagated into Region II,

and therefore, the energy can only be partly minimized. Since the oxygen vacancies

associated with the different orientations are at different distances from the Region I

- Region II boundary, this causes the different orientations to have different energies.

The position of the fission product relative to the Region I - Region II boundary

will also have an effect on the total polarization energy of the lattice. That is, a

fission product at the centre of Region I will polarize Region I to a greater extent

than if it is at the Region I - Region II boundary. This is again because Region II

is not polarizable. This limitation manifests itself in an unphysical effect where as

the fission product moves from the boundary into Region I, the polarization energy

increases (before the effect of the surface is encountered). Fortunately, such an effect

seems negligible in the results on UO2 presented here (however, it is more apparent

in the results on ZrO2 presented in the Appendix).

4.5.2 The (110) Surface

There are similarities between the two plots in Figure 4.13, the most obvious being

that the trends predict the same tendency for Ce4+ and Zr4+ to not segregate to

the (110) surface, as was the case with the (111) surface. Upon closer inspection,

it is clear that the segregation energy barrier for Ce2+ is greater than that of Zr4+,

where ECe
S = 0.667eV and EZr

S = 0.132eV. These energies should be compared to

those obtained for the (111) surface (i.e. 0.232eV and 0.261eV for Ce4+ and Zr4+

respectively). Thus, the segregation barrier for Ce4+ is 0.435eV larger for the (110)

than for the (111) surface, while the segregation barrier for Zr4+ is 0.099eV smaller.

109



Segregation of Fission Products to UO2 Surfaces

Regardless, both segregation energies are positive, consistent with suggesting no

Ce4+ or Zr4+ segregation to the (110) surface. Also, the energy of Ce4+ within the

bulk appears to vary more smoothly than Zr4+. This can again be attributed to

the similarity in size between Ce4+ and U4+, compared to U4+. Consequently, the

alternate compression and dilation of atomic layers which characterizes the (110)

surface of the fluorite structure [44] has a greater effect on the relative energies of

Zr4+ than on Ce4+.
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Figure 4.13: The calculated relative energies of (CeU/ZrU)
′′′′

as a function of

depth from the (110) surface.
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Figure 4.14 presents the results for Ba2+ and Sr2+ segregation to the (110) sur-

face. It is clear that both fission products tend to segregate to this surface, as was

the case for the (111) surface. Also evident in Figure 4.14 is that EBa
S is considerably

more negative than ESr
S , suggesting a stronger tendency for Ba2+ to segregate than

Sr2+. An interesting comparison can be made between the segregation energies of

both species to the (110) and (111) surfaces. The energy of segregation, ES, for

both Ba2+ and Sr2+ to these two surfaces is very similar: EBa
S = -2.695eV for the

(110) and = -2.706eV for the (111); ESr
S = -1.604eV for the (110) and = -1.603eV

for the (111).

Another interesting comparison between Ba2+ and Sr2+ segregation to the (111)

and (110) surfaces is that the fall in energy (and thus the driving force for segrega-

tion) begins between 6 and 8Å from the (110) surface, but between 4 and 6Å for the

(111) surface. Consequently, it might be expected that a greater amount of Ba2+

or Sr2+ will be adjacent to the (110) surface than the (111) surface, despite the

similarity in segregation energies, ES.
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4.5.3 The (100) Surface

Figure 4.15 depicts the results for Ce4+ and Zr4+ segregation to each of the three

anion terminations described in Section 4.3 for the (100) surface. The top image

in Figure 4.15 describes the segregation trends of Ce4+. What is interesting about

this plot, is that the segregation energies for each anion termination are different:

-0.1221eV, 0.3292eV and 0.098eV for the A, B and AB terminations respectively.

Although these are not large energies, it is evident that segregation is a function of

the configuration of the anion terminations for polar surfaces. This effect is again

evident in the bottom plot in Figure 4.15, describing the segregation trend of Zr4+

to the three anion terminations of the (100) surface. Unfortunately, this plot is less

compelling as the two energies of the defect near the (100)AB would not successfully

minimize. However, what can be seen is that for the (100)A and (100)B surfaces,

there is a significant negative segregation energy: -0.7495 and -0.9141 respectively.

This suggests that Zr4+ will segregate to these two surfaces.
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Figure 4.15: The calculated relative energies of the {(Ba/SrU)
′′
:(VO)··} defect

cluster as a function of depth from the three anion terminations of the (100) surface.
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When comparing Figure 4.15 with Figures 4.10 and 4.13, the segregation trends

for Ce4+ and Zr4+ to the three surfaces are clearly different. For both Ce4+ and

Zr4+, the trend to segregate to the (100)A surface is opposite that calculated for the

(111) and (110).

Figure 4.16 shows the results for Ba2+ and Sr2+ segregation to the (100)A sur-

face. Immediately, when comparing Figure 4.16 with Figures 4.11 and 4.14, clear

differences are apparent. Although the segregation energies for Ba2+ and Sr2+ are

again negative (EBa
S = -4.8527eV and ESr

S = -3.2844eV), suggesting that these fission

products will segregate to this surface, the profile of the energy from the bulk to

the surface is different than observed for the previous two surfaces. In both cases,

the“c.” cluster configuration steadily decreases in energy as it moves to the surface,

while the other three configurations decrease in energy more abruptly near the sur-

face. Also in both cases, the “a.” configuration is of lower energy throughout the

segregation profile than the “b.” and “d.” configurations. Referring back to Figure

4.7, both the “a.” and “c.” configurations lie underneath a surface oxygen, while

the “b.” and “d.” configurations lie underneath a surface vacancy. This may con-

tribute to the lower energy. It should also be noted that the segregation energies are

substantially more negative than for the previous two surfaces. Again, EBa
S is more

negative than ESr
S , which can be attributed to size of these ions, as was the case for

the previous two surfaces.

Calculations which determine the segregation trends to the (100)B and (100)AB

have not yet been successful.
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Figure 4.16: The calculated relative energies of the {(BaU/SrU)
′′
:(VO)··} defect

cluster as a function of depth from the (100)A surface, where ES is the segregation

energy.
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4.6 Conclusions

The manner in which the segregation energy, ES, of a given fission product varies

between surface types has been demonstrated. Furthermore, ES has been shown

to be a strong function of defect cluster configuration with respect to surface as

well as anion termination of the polar (100) surface. These results suggest that

release of fission products from grains of UO2 in nuclear fuel will not be isotropic.

Consequently, the distributions of surface types will influence fission product release.

This is particularly important when it is considered that surface types will change

due to grain growth in situ as a function of burn-up. As fission product release

is a limiting factor in fuel performance, these results suggest that release may be

controlled to an extent through surface modification.

Qualitative comparison can be made to the work of Sato et al. [198]. In this

work, Sato et al. investigated the behaviour of Ba and Zr in fuel specimens irra-

diated up to burnups of 13.3at% at the experimental fast reactor of the Japanese

Nuclear Cycle Development Institute. Although the samples studied were polycrys-

talline, and the surfaces were not analyzed, it might be deduced that these samples

were predominantly consisting of low energy surfaces (i.e. (111) and (100)). Using

X-ray micro scanning and X-ray micro analysis to determine radial distributions of

Ba and Zr, Sato et al. found Ba concentrations to increase in the radial direction,

while the Zr concentration remained homogenous in the radial direction. This ob-

servation suggested to the authors that Ba easily migrates, while Zr remains in the

fuel [198]. If the predominant surface of the fuel is assumed to be the (111) surface,

the positive segregation energies calculated for these two species to these two sur-

faces suggest that the calculations presented in this chapter preliminarily account

for this phenomenon, although much more analysis is required.

More calculations are need in order to formulate a systematic statement about
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fission product segregation behaviour. At the time these calculations were made,

the complexity and size was at the limit of computing resources. As this technology

improves, these calculations will become possible. Nevertheless, this chapter clearly

shows that the phenomenon of fission product segregation is quite complicated.
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Chapter 5

Non-Stoichiometry in A2B2O7

Pyrochlores

“So he thinks that they hold on to one another and remain together up to

the time when some stronger force reaches them from their environment and

shakes them and scatters them apart.”

- Aristotle

On Democritus, c.350 BC

5.1 Introduction

Due to the extensive compositional range of the compounds which exhibit the py-

rochlore structure, there are a variety of actual and potential applications for these

materials. Examples include: dielectric materials [199, 200], catalysts [201, 202],

solid electrolytes [203–205], thermal barrier coatings [206, 207] as well as actinide

host phases for nuclear waste encapsulation [208–211]. Given this broad range of

functionality, in order to tailor pyrochlore properties it is desirable to understand
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their non-stoichiometry in a consistent manner.

Here, the A2B2O7 pyrochlores in which A is strictly a 3+ cation and B a 4+

cation are considered (refer to Chapter 1 for a detailed description of pyrochlore

crystallography). Our aim is to predict the mechanisms that accommodate non-

stoichiometry and thereby provide data that can be evaluated against A2O3-BO2

binary phase diagrams. As such, 4+ cations are not allowed to exhibit variable

charge states, despite the fact that cations such as Ti, Ru, Mo and Pb are able to

exhibit a 3+ charge state. If 3+ charge states were included for the B cations, the

appropriate comparison would be to ternary A2O3-BO2-B2O3 phase diagrams, none

of which have been found in the literature (although ternary phase diagrams do exist

for certain A2O3-BO2-A′2O3 combinations, such as HfO2 - Y2O3 - Er2O3 and HfO2

- Y2O3 - La2O3 [212, 213]). Similarly, the possibility that Pr3+ may be oxidized to

a 4+ charge state is not considered (Note: Ce3+ and Tb3+ may also exhibit a 4+

charge state although these cations are not explicitly modelled).

5.1.1 Review of Phase Diagrams

Existing experimental work relating to non-stoichiometry has focused exclusively on

determining phase diagrams. Of the pyrochlores modelled explicitly in this study,

there exist selected phase diagrams that include compounds in the series A2Ti2O7

and A2Zr2O7. The titanate pyrochlores Lu2Ti2O7, Yb2Ti2O7, Dy2Ti2O7, Sm2Ti2O7,

Nd2Ti2O7 and La2Ti2O7 exhibit stability in the form of a line compound [214–218].

In all of the corresponding phase diagrams, pyrochlores are reported between 900o

- 2000oC, see for example Figure 5.1.

121



Non-Stoichiometry in A2B2O7 Pyrochlores

Figure 5.1: Phase diagrams of the A2Ti2O7 series of compounds for small A3+

cations, reproduced from [214,215,217].

However, there exist several other titanate phase diagrams (e.g. Dy2Ti2O7,

Er2Ti2O7, Sm2Ti2O7 and Y2Ti2O7 [219–222]) which demonstrate modest non-stoichiometry.

An example of this is shown in Figure 5.2, where there is an extended pyrochlore

phase field in the Y2O3 -TiO2 system. The dashed line between the fluorite and
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pyrochlore phase regions is an undetermined boundary, as the investigators were

unable to establish the two phase region.

Figure 5.2: The phase diagram of the Y2O3 -TiO2 system, reproduced from [222].

An interesting comparison of phase diagrams is provided by two in the Sm2O3

- TiO2 system, shown in Figure 5.3. Clearly, there are glaring differences between

these two phase diagrams, especially in the region of the pyrochlore phase. Such

inconsistency in the titanate series of phase diagrams does not lend itself to quantita-

tive comparison with our calculations, though the qualitative information is useful.
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Figure 5.3: Comparison of Sm2O3 - TiO2 phase diagrams, where the pyrochlore

phase in the left diagram is a line compound while in the right hand diagram exhibits

modest non-stoichiometry; reproduced from [216] and [221], respectively.

There are several potentially pertinent phase diagrams within the zirconate se-

ries. However, in those diagrams the pyrochlore phase regime is usually extrapo-

lated. Figure 5.4 depicts such hypothetical pyrochlore phase regions for Eu2Zr2O7,

Gd2Zr2O7 and Sm2Zr2O7 [223–225]. Furthermore, the bottom two phase diagrams

in Figure 5.4 both describe the Sm2O3 - ZrO2 system, albeit differently. Never-

theless, these diagrams suggest that zirconates will exhibit both BO2 and A2O3

non-stoichiometry.
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Figure 5.4: Comparison of Eu2O3 - ZrO2, Gd2O3 - ZrO2 and Sm2O3 - ZrO2 phase

diagrams, where the pyrochlore region in each diagram is hypothesized; reproduced

from [223–225].

A singular exception from the hypothesized pyrochlore phase region is in the

La2O3 - ZrO2 system [224, 225], in which the pyrochlore regime is well defined, see

the top two phase diagrams in Figure 5.5. However, substantial differences exist

between these two reported La2O3 - ZrO2 phase diagrams. These two diagrams can

be compared to three phase diagrams of the same system, shown in the bottom

of Figure 5.5. Although the three diagrams display probable phase regions, when

compared to the two phase diagrams above, it is clear that this system is not very

well understood.
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Figure 5.5: Several La2O3 - ZrO2 phase diagrams, reproduced from [224], [225]

and [226,227] respectively.

Returning to the zirconate phase diagrams with hypothesized pyrochlore regimes,

for example the two describing the Nd2O3 - ZrO2 series [225–227], there exist sub-

stantial differences, see Figure 5.6. Again, it is difficult to quantitatively compare

our calculated results to these phase diagrams. However, what can be qualitatively

noted from the zirconate series, when compared to the titanate series, is the in-

creased extent of pyrochlore non-stoichiometry.
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Figure 5.6: Comparison of Nd2O3 - ZrO2 phase diagrams, reproduced from [226,

227] and [225] respectively.

There have been recent theoretical calculations of zirconate phase diagrams. Fig-

ure 5.7 depicts phase diagrams for the Y2O3 - ZrO2 and La2O3 - ZrO2 systems as

calculated by Yokokawa et al. [228]. It is interesting to compare these two phase di-

agrams to those generated through experiment. The diagram on the right depicting

the La2O3 - ZrO2 system can be compared to Figure 5.5. In both the experimental

and theoretical diagrams, a pyrochlore phase clearly exists. However, in the experi-

mentally generated diagrams, there is pronounced non-stoichiometry, while for the

theoretical, the pyrochlore phase appears only as a line compound.
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Figure 5.7: ZrO2 - A2O3 phase diagrams calculated by Yokokawa et al. [228].

The left diagram in Figure 5.7 depicts the Y2O3 - ZrO2 system. Due to the

technological significance of this system, there has been considerable experimental

effort in order to generate the phase diagram. Figure 5.8 displays a representative

evolution of this phase diagram, reproduced from various sources [229–234]. The

details of these phase diagrams are not pertinent here and can be found in the

original texts, but it should be noted that in both the theoretical and experimental

phase diagrams for the Y2O3 - ZrO2 system, there is no indication of a Y2Zr2O7

pyrochlore phase, although a Y4Zr3O12 phase is reported.
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Figure 5.8: Experimental phase diagrams of the Y2O3 - ZrO2 system, reproduced

from [229] and [230] respectively for the top two diagrams and [231,232] and [233,234]

respectively for the bottom two diagrams.

A more complete set of phase diagrams exists for the A2Hf2O7 series of com-

pounds, with pyrochlore phases reported between 1600o - 2500oC. Although hafnium

has not been explicitly modelled, zirconium and tin were considered explicitly, and

their ionic radii, 0.72Å and 0.69Å respectively [6], lie either side of hafnium, 0.71Å.

Thus, the computational data for hafnium can be extrapolated and subsequently
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can be compared to experimental data [235–238]. The hafnate phase diagrams show

that the pyrochlore structure is stable from La3+ (1.16Å) to Tb3+ (1.04Å), but with

no pyrochlore phase field apparent for the smaller A3+ cations from Dy3+ (1.027Å)

to Lu3+ (0.977Å), see Figures 5.9 and 5.10.

Figure 5.9: Phase diagrams of the A2Hf2O7 series of compounds for small A3+,

reproduced from [235]. Here the A3+ cations have the ionic radii of Lu3+ = 0.977Å,

Yb3+ = 0.985Å, Er3+ = 1.004Å and Ho3+ = 1.015Å.

The transition from the non-existence of a pyrochlore phase to the emergence of

such a phase is depicted in Figure 5.10, with the Dy2O3 - HfO2 system displaying no

pyrochlore phase, while Tb2O3, Gd2O3 and Sm2O3 - HfO2 do exhibit a pyrochlore

phase. This transition will be revisited in Chapter 6. For now, the dependence of

pyrochlore stability on A3+ cation radius is simply noted.
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Figure 5.10: Phase diagrams of the A2Hf2O7 series of compounds for intermediate

A3+, reproduced from [236, 237]. Here the A3+ cations have the ionic radii of Dy3+

= 1.027Å, Tb3+ = 1.04Å, Gd3+ = 1.053Å and Eu3+ = 1.066Å.

Of particular interest in the hafnate phase diagrams are the larger A3+ cations

(i.e. Sm3+, Nd3+, Pr3+ and La3+, shown in Figure 5.11). In particular, in all of

these diagrams the BO2 excess non-stoichiometry extends to approximately 70 mol

percent BO2. That is, the extent of non-stoichiometry is essentially constant as

a function of increasing A cation radius. Conversely, there does seem to be some

variation in A2O3 excess non-stoichiometry between compounds. This observation

will be returned to in Section 5.3.4.
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Figure 5.11: Phase diagrams of the A2Hf2O7 series of compounds for large A3+,

reproduced from [238]. Here the A3+ cations have the ionic radii of Sm3+ = 1.079Å,

Nd3+ = 1.109Å, Pr3+ = 1.126Å and La3+ = 1.16Å.

An advantage of the A2O3 - HfO2 series of phase diagrams is that they were

generated by a single research group, thus reducing error which may occur due

to inconsistencies in the experimental approaches of different research groups. Of

course, this also has its limitations, and it would be desirable to have further verifi-

cation of the validity of these diagrams.

Finally, phase diagrams for the A2Ru2O7, A2Mo2O7 or A2Sn2O7 series of com-

pounds were unable to be found.

5.1.2 Previous Modelling Studies

There have been a number of previous modelling studies which have focused on

specific pyrochlore compounds. In particular, defect formation energies and anion
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migration in Gd2Zr2O7 were studied as a function of doping and disorder by Wilde

and Catlow [239, 240]. In addition, Williford et al. [241, 242] focused on defect

energetics as well as both cation and anion migration as a function of cationic

disorder in Gd2Ti2O7-Gd2Zr2O7 solid solutions. Recently, a systematic study over

a wide range of potential pyrochlore compositions was carried out by Minervini et

al. [243]. That study attempted to correlate the energies for local disorder on both

the anion and cation sublattices with the stability of the pyrochlore lattice compared

to the corresponding disordered fluorite solid solution. This work was extended by

Pirzada et al. [244] who considered the activation energy for oxygen migration, again

over the same wide range of composition. Minervini et al. have also carried out

calculations in order to determine the oxygen positional parameter in pyrochlores

in an attempt to correlate these values to disorder [245]. However, no previous

simulation studies which have considered the detailed mechanisms responsible for

non-stoichiometry in pyrochlore compounds are known.

5.2 Methodology

The calculations carried out to determine deviations from stoichiometry are of the

same type as described in Chapter 2, that is, atomistic simulations based on a Born

like ionic description of the lattice and using the Buckingham short range potential

to describe pair interactions, as well as the shell model to account for polarizability.

Reaction energies were calculated by summing the appropriate lattice and defect

energies. This process is discussed further in the Section 5.3. Many compounds are

considered in this study, and as such, contour maps are employed as a convenient

means of conveying such large amounts of data.
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5.2.1 Contour Maps

In this study, contour maps have been used as a means of interpreting the large

number of reaction energies calculated (see Figures 5.13 - 5.15). The maps sort

A2B2O7 compounds by their cationic radii: increasing A radius along the ordinate

and B along the abscissa. Thus each compound occupies a point on the map. Solid

points refer to a stable pyrochlore former for which calculations were carried out.

Hollow points refer to compounds which have not been observed to form, i.e. exist

as disordered fluorites (thus showing where the pyrochlore to fluorite compositional

boundary occurs). Here, such compounds were modelled in the pyrochlore structure

since this facilitates the construction of a continuous pyrochlore contour map.

For each compound modelled, a defect energy process is calculated and plot-

ting software [246] generates contours of equal energy over the cation radius sur-

face. Cationic radii and reaction energies are converted to a matrix via the Kriging

method [247] (using a smoothness value of 0.5). This method is an optimized linear

interpolation from which 3D surfaces can be generated. Using this approach, areas

of compositional interest (i.e. that have similar process energies as predicted by

our methodology) are easily identified. Furthermore, as these plots pertaining to

isolated defects use the same scale, the trends are comparable between plots. An

advantage of this approach is that predictions of properties can also be made for

pyrochlore structures that were not explicitly calculated (e.g. here for hafnates:

A2Hf2O7; Hf ionic radius = 0.71Å [6]).

Brisse and Knop [248] have shown experimentally that the pyrochlore lattice

parameter of lanthanide stannates (Ln2Sn2O7) varies smoothly as a function of

lanthanide (Ln) ionic radius. Furthermore, Kennedy [249] has shown using neu-

tron diffraction that the oxygen positional parameter of the lanthanide stannate

pyrochlores also changes smoothly as a function of lanthanide radius. These types
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of experiments support the use of contour maps based on cationic radii as an ordering

parameter.

5.3 Results and Discussion

5.3.1 Solution Mechanisms

Our first aim is to investigate the mechanisms responsible for non-stoichiometry and

then correlate the results with the relative extents to which different compounds can

deviate from their stoichiometric A2B2O7 compositions. Such processes are con-

trolled by the energetics associated with the solution reactions. Here, results are

reported for the three lowest energy reactions that can be responsible for accommo-

dating BO2 excess and the three reactions that accommodate A2O3 excess without

the necessity of including electronic disorder. In each case, results are normalized to

reflect excess concentration of A or B ions (i.e. the non-stoichiometry). The normal-

ization factors, which appear in front of each reaction below, have been calculated

via the mass action approximation [5]. In Kröger-Vink notation [14], these reactions

are as follows:
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(As previously mentioned, non-stoichiometry compensated by a variation of

cationic charge state is not considered, since such reactions do not correspond to

binary phase diagrams). For each compound, the constituent perfect lattice and

individual defect energies were calculated (as described in Chapter 2) in order to

construct the appropriate reaction energies from Equations 5.1 - 5.6 above (this

required 900 separate calculations for the isolated defects alone). In all reactions,

the lowest calculated lattice energies of binary oxides were used, i.e. bixbyite for

A2O3 and either fluorite or rutile for BO2. Where applicable, oxygen “split vacancy”

defect energies were used (see Figure 5.12) according to the results of Pirzada, et

al. [244]. This structure differs from the isolated 48f vacancy as an adjacent 48f oxy-

gen will relax considerably towards the unoccupied 8a site. This effectively creates

an additional 48f oxygen vacancy, such that there are two oxygen vacancies and an

oxygen interstitial. The vacancies are oriented along the <110>. Oxygen interstitial

ions were found to occupy 8a sites, as did A and B interstitials.
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If the pyrochlore structure is considered to be an ordered fluorite solid solution, it

seems intuitive that B cation excess should be accommodated by oxygen interstitials.

For many compositions, our results are therefore at odds with intuition. Thus,

our model implies that non-stoichiometry associated with B cation excess in the

most stable pyrochlore compounds (i.e. the majority) is distinct from solid solution

formation in fluorites. Consequently, if subsequent experiments show these results

to be correct, simply assuming that pyrochlore materials are ordered fluorite solid

solutions can be seriously misleading.

B cation non-stoichiometry is therefore an example of how the properties of

pyrochlore compounds are predicted to evolve as their compositions move towards

the pyrochlore - fluorite stability threshold, described in reference [243]. Another

example is the structure of the oxygen vacancy which changes from a symmetric

geometry to a split vacancy [244]. However, the boundary for that property occurs

somewhat before the pyrochlore - fluorite boundary is reached. It has also been

found that the extent of lattice disorder increases dramatically as this boundary is

approached [245]. Such disorder demonstrates how the pyrochlore lattice evolves as

a function of composition to become more similar to fluorite solid solution. However,

this change is not continuous as a function of composition as evidenced by either

clear order-disorder transformations (see in particular reference [237]), or by the

distinct pyrochlore phase fields (see reference [238]).

Another important feature of the contour plots is how solution energies change

as a function of the radii of the constituent ions. For example, in Figure 5.13a, it

is clear for stannates, and by extrapolation for hafnates, that the solution energies

do not vary greatly as a function of A cation radius, spanning only two contours

(this example will be returned to later). Within the titanates, there is modest

variation, as three contours are crossed. Conversely, there is a more considerable
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increase in solution energy when the A cation (e.g. Gd) is kept constant while the B

cation radius varies; typically five contours are spanned. This implies that titanate

compounds have significantly higher solution energies than zirconates or hafnates.

A2O3 Excess

From Figure 5.14, it is clear that initial A2O3 excess will always be compensated

by oxygen vacancies (i.e. Equation 5.4, Figure 5.14a). Therefore, non-stoichiometry

associated with A2O3 excess is simpler than BO2 excess in that a single solution

mechanism is dominant over the entire compositional range considered. In this

regard, the pyrochlore lattice is behaving like a fluorite lattice since it is well es-

tablished that fluorites also accommodate the solution of A3+ cations by forming

oxygen vacancies [250].

From Figure 5.14 it is also apparent that, for corresponding compounds, the

accommodation of A2O3 is a higher energy process than BO2 accommodation. This

should imply that the extent of A2O3 solution will be lower than that of BO2. How-

ever, the energies predicted for the hafnate series, for example, indicate that there

will be considerable solution of A2O3 (despite the fact that our over-estimation of

energies via the full charge model will tend to underestimate the extent of solu-

tion). As a consequence, it is not complete to rely only on an isolated defect model

to understand the extent of solution. Therefore, defect cluster formation must be

modelled.
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Finally, for A2O3 excess, the distribution of solution energies can be considered

as a function of composition (as was the case for BO2 excess). The most favourable

mechanism, i.e. Equation 5.4, Figure 5.14a, shows that the titanate series exhibit

substantially higher solution energies than do zirconates, hafnates or stannates. This

is similar to BO2 excess. However, there are differences compared to BO2 excess

when the change in energies is considered within a B cation series as a function of

varying A cation radius. In this case for the titanates and ruthanantes, no contours

are crossed, i.e. there is no A cation radius dependence. Whereas for the zirconates,

stannates and hafnates, the energy range extends over four contours, i.e. there is

considerable A cation radius dependence.

5.3.3 Effect of Defect Clustering

For each defect cluster considered, it is initially necessary to ascertain its mini-

mum energy configuration. This becomes challenging with the increasing number

of constituent defects per cluster and the complexity of the lattice. Regardless,

the preferential geometries for the three low energy mechanisms (i.e. Equations 2

and 4 for BO2 solution and Equation 5 for A2O3 solution) were determined. The

geometries are available in Table 5.1 and were used for all cluster calculations.
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Defect Cluster Constituent x y z

Reaction 2

(BA)· 0.5 0.0 0.0

(BA)· 0.5 0.5 0.5

(BA)· 0.25 0.25 0.5

(VA)
′′′

0.5 0.25 0.25

Reaction 4

(BA)· 0.5 0.0 0.0

(BA)· 0.0 0.5 0.0

(Oi)
′′

0.125 0.125 0.125

Reaction 5

(VO)·· 0.330 0.125 0.125

(AB)
′

0.25 0.25 0.0

(AB)
′

0.0 0.25 0.25

Table 5.1: The perfect lattice coordinates for the preferential configuration of

compensating defect clusters.
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If the solution of BO2 is considered first (see Figures 5.15a and 5.15b, where the

solution energies for Equations 5.1 and 5.3 are presented), it is evident that clustering

of the compensating defects lowers the overall energy (compare to Figures 5.13a and

5.13c). It is also evident that for all stannates and hafnates (Hf ionic radius =

0.71Å [6]), the solution of BO2 is still largely independent of A cation radius (i.e.

the range of solution energies is no greater than 0.2eV over these series). However,

the situation for the titanates is once again more complex with solution energies

increasing as a function of A cation radius (the variation is 0.7eV over the titanate

series).
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Although defect clustering lowers reaction energies, the distribution of contour

positions remains similar (compare values in Figures 5.13a, 5.13c and 5.14a with

Figures 5.15a, 5.15b and 5.15c respectively). For example, Figure 5.13c shows a dip

in the bottom left corner as does the corresponding Figure 5.15b. Nevertheless, the

spacing between contours is greater in Figure 5.15 since clustering leads to smaller

variations in solution energies between compounds (with the same energy scale used

for all diagrams). However, clustering does not change the lowest predicted en-

ergy mechanisms for accommodation of non-stoichiometry deduced from the results

assuming an isolated defect model.

5.3.4 Comparison to Phase Diagrams

The results presented in sections 3.2 and 3.3 above can be correlated to the phase

diagrams which include the A2Ti2O7, A2Zr2O7 and A2Hf2O7 compounds.

This comparison begins by considering the most complete set of phase diagrams,

that is, those diagrams that exhibit a stable A2Hf2O7 compound [235–238]. These

diagrams show that the extent of BO2 excess non-stoichiometry is not drastically af-

fected by varying the A cation radius (the stoichiometry range limit is approximately

constant at 70 mol percent BO2). This behaviour is consistent with the prediction

of Figures 5.13a and 5.15a, in that only one contour is crossed, i.e. the solution

energy does not alter greatly with varying A cation. The low energies in this region

of the map are also consistent with the considerable BO2 excess non-stoichiometry

observed experimentally.

Considerable A2O3 excess non-stoichiometry is also predicted in the hafnates, as

a consequence of the low energy regions of the contour maps Figures 5.14a and 5.15c.

This is also in qualitative agreement with experimental observations. For A2Hf2O7,

where A = Sm, Eu and Gd, the solution energy for A2O3 excess is practically
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the same as for BO2 excess. Thus the pyrochlore phase field should be essentially

symmetric about the stoichiometric ratio (i.e. at ≈ 662
3

mol percent BO2). Again,

this is what is observed [237]. However, the energies for A2O3 excess begin to

increase for compounds of larger A radii, e.g. Nd, Pr and La. From this prediction,

a reduction in the extent of A2O3 excess non-stoichiometry is expected for these

compounds. Although, it is difficult from the experimental data to be definitive,

as the A radius increases, the extent of A2O3 excess non-stoichiometry does indeed

seem to fall from approximately 60 mol percent BO2 to approximately 64 mol percent

BO2 [238].

Many titanate phase diagrams [214–218] have the pyrochlore structure occurring

only as a line compound, recall Figure 5.1. Conversely, several phase diagrams men-

tioned contradict this picture and show a deviation from pyrochlore stoichiometry

which is pronounced in the BO2 direction but still non-existent in the A2O3 direc-

tion see Figures 5.2 and 5.3 [221,222]. Our results do predict that the titanates will

exhibit less deviation from stoichiometry than will other series of B cations. How-

ever, for BO2 excess, since these solution energies for the titanates are only modestly

greater then for zirconates or hafnates (see Figure 5.15a), some discernable devia-

tions from the stoichiometric ratio for BO2 excess is expected. Conversely, little if

any non-stoichiometry is expected for A2O3 excess, due to the rather high relative

energy of this process (see Figures 5.14a and 5.15c).

A contributing factor to difficulties in investigating the titantates experimen-

tally compared to the hafnates might be the greater difference between the solution

energies predicted assuming isolated defects (Figure 5.13a) versus clustered defects

(Figure 5.15a). Since cluster formation in titanates lowers solution energies more, it

may be that titanates take longer to reach equilibrium than do hafnates as cluster

formation requires cation migration. Nevertheless, it would seem to be potentially
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worthwhile to revisit the titanates experimentally.

It is difficult to make any definite comparisons to the existing set of zirconate

phase diagrams [223–226], due to the predominantly hypothesized nature of their

pyrochlore phase fields. However, what is clear from these phase diagrams is that the

zirconate pyrochlores are expected to exhibit non-stoichiometry in both the BO2 and

A2O3 directions. The relative energies observed in the contour plots predict slightly

greater deviations from stoichiometry for the zirconates than for the hafnates. Again,

the phase fields should be essentially symmetric for A2Zr2O7 where A = Dy to Sm,

but asymmetric with greater ZrO2 excess than A2O3 excess for A = Nd to La.

Of course, it is desirable to have a more complete series of phase diagrams with

which to compare the current predicted trends. Hopefully, this study will stimulate

further experimental work focused on determining the extent of non-stoichiometry

in various pyrochlore oxides. Given the excellent crystallographic data available for

the stannates [249, 251] and their significant non-stoichiometry, this series may be

particularly profitable to study.

5.4 Conclusions

There are a number of general and specific conclusions that result from this work.

Firstly, some general comments are made.

Given the great number of calculations necessary to carry out this comparative

type study, a simple computational approach was employed. Given the limitations

of such a methodology, trends have been focused on, rather than absolute solution

energies. However, the trends are clearly complex and therefore required a contour

map approach to aid with interpretation.

It seems that the calculated trends agree with the available, albeit confused,

experimental data. The maps can therefore be used as a basis for further systematic
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experimental studies. Furthermore, the maps can be used to select compositions

that exhibit greater or lesser deviations from stoichiometry. Of course the maps can

be used predictively to consider elements which have not been explicitly modelled,

but whose ionic radii are known. This may also include certain compounds whose

elements that are able to exhibit variable charge states (e.g. Pr and Ce containing).

This will form the basis of a future study.

Some specific comments should also be made.

• It is predicted that for stable pyrochlore formers, non-stoichiometry associated

with BO2 excess is generally accommodated by forming A3+ cation vacancies.

As the pyrochlore - fluorite boundary is approached, oxygen interstitial ions

will also contribute to the solution mechanism, resulting in complex defect

behaviour.

• These calculations therefore demonstrate that the mechanism for BO2 excess

non-stoichiometry in pyrochlore oxides is distinct from solid solution formation

in fluorite, especially for the majority, stable pyrochlore compositions.

• Oxygen vacancies are clearly the defects that accommodate the solution of

excess A2O3 in all pyrochlore compositions considered in this study. In this

regard, pyrochlores are behaving like fluorite solid solutions.

• The clustering of compensating defects lowers the overall energy of each mech-

anism, but does not affect the preferential solution mechanism or greatly affect

the relative energies predicted by isolated defect calculations.

• The model predicts that the extent of BO2 excess non-stoichiometry in haf-

nates, zirconates and stannates will be considerably greater than for titanates

or ruthanates. Furthermore, while the possible deviation is constant for haf-
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nates in particular, it decreases as a function of increasing A cation radius for

the titanates.

• Similarly, the extent of A2O3 excess non-stoichiometry in hafnates, zirconates

and stannates is again much greater than for titanates or ruthanates, the latter

probably not exhibiting any substantial deviation.
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Chapter 6

Prediction of Rare Earth A2Hf2O7

Pyrochlore Phases

“If, without disturbing a system, we can predict with certainty the value of a

physical quantity, then there exists an element of physical reality corresponding

to this physical quantity.”

- Albert Einstein

Physical Review, 1935

6.1 Introduction

Materials with the pyrochlore lattice exhibit properties that are advantageous for

applications as diverse as dielectrics [199, 200] and actinide host phases [208, 211].

However, the phase stability for any A2B2O7 pyrochlore compound (where A is

a 3+ rare earth cation ranging in size from Lu3+ to La3+ and B is a 4+ cation

ranging in size from Ti4+ to Pb4+) is not well characterized. Limited and at times

conflicting phase diagrams exist for the series of compounds A2Zr2O7 and A2Ti2O7
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(refer to Figures 5.1, 5.2 and 5.3 for titanates and Figures 5.5 and 5.6 for zirconates).

However, there is a more complete set of data showing the existence of certain

A2Hf2O7 compounds (refer to Figures 5.9, 5.10 and 5.11).

Considering this latter series further, the HfO2 - Pr2O3 and HfO2 - La2O3 phase

diagrams [238], both exhibit a considerable pyrochlore phase field which melts con-

gruently (i.e. the liquid is the same composition as the compound) at 2420oC

and 2460oC ±25oC respectively. The HfO2 - Nd2O3 and HfO2 - Sm2O3 phase dia-

grams [237, 238] similarly exhibit significant pyrochlore phase fields, but both melt

incongruently at 2450oC and 2550oC ±25oC respectively. The HfO2 - Tb2O3, HfO2 -

Gd2O3 and HfO2 - Eu2O3 phase diagrams [237,252] also exhibit a pyrochlore phase

field, however, these do not melt but rather undergo an order-disorder transfor-

mation at 2150o, 2350oC and 2450oC ±50oC respectively. All HfO2 - A2O3 phase

diagrams with A smaller than Gd3+, including Dy2O3 - HfO2 [235, 237, 252, 253],

show no evidence of pyrochlore compound formation. In all cases, the experimental

error of the order-disorder temperature is given as denoted in the original texts.

Figure 6.1, although consisting of A2O3 - HfO2 differs from those in Chapter 5.

Each of the phase diagrams in Figure 6.1 was obtained from the original texts. Here,

the transition from no pyrochlore phase observed for the Dy2O3 - HfO2 system to a

pronounced pyrochlore region in the Tb2O3 - HfO2 is evident, as is the subsequent

progression of the pyrochlore phase (i.e. the increase in order-disorder temperature)

from Gd2O3 - HfO2 up to Eu2O3 - HfO2. The benefit of the original experimental

data is that the temperatures at which the experiments are clearly labelled. This

will be shown to be important in the forthcoming sections.
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Figure 6.1: Phase diagrams of the A2Hf2O7 series of compounds for intermediate

A3+, reproduced from [236,237,252].

The completeness of the HfO2 - A2O3 series of phase diagrams allows us to com-

pare this experimental data with atomistic simulation calculations. The simulations

provide relative energies of a local disorder process for a wide range of pyrochlore

compounds [243]. From these disorder energies and the aforementioned phase di-

agrams, it is possible to generate an Arrhenius-type plot of disorder temperature

versus disorder energy, which predicts order-disorder temperatures for Dy2Hf2O7

as well as Ho2Hf2O7 and Er2Hf2O7. These compounds have not been previously

observed experimentally.
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6.2 Methodology

Atomistic simulation calculations were carried out based on a Born like, ionic de-

scription of the lattice [79] and using the Buckingham potential to describe the short

range interactions between ions (see Table 2.5 for the complete listing of potentials

used). The polarizability of ions is accounted for by the shell model [109], where a

massless shell of charge Y|e| is coupled to a massive core of charge X|e| by a force

constant, k. All calculations consider O2− and larger B4+ cations as polarisable.

The shell parameters used can be found in Table 2.5. A comprehensive descrip-

tion of the Mott-Littleton defect calculation methodology is provided in Chapter 2

and elsewhere [254]. In all cases, calculations were carried out using the CASCADE

code [127], which employs energy minimization to predict relaxed ion positions. The

reader is referred to Chapter 2 for computational details.

The approach described has been used successfully to predict various properties

of A2Hf2O7 pyrochlores, including oxygen migration [244], disorder process energies

[243] and the effect of disorder on the oxygen positional parameter [245].

6.3 Results and Discussion

By far the two most important disorder processes for pyrochlores are: cation antisite

and anion Frenkel [250]. Cation antisite is essentially the swapping of an A3+ cation

for a B4+ cation:

Ax
A + Bx

B → A′
B + B·

A (6.1)

Frenkel anion disorder proceeds when an oxygen ion on a 48f site is displaced to an

8a interstitial site, thus leaving the 48f site unoccupied:

Ox
O → V ··

(48f) + O′′
i(8a) (6.2)
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Previous simulation results [243] for both of these processes for an extensive range

of pyrochlore compounds were presented in the form of contour maps. These clearly

demonstrate the same trend for both cation antisite and anion Frenkel. That is, the

enthalpy increases considerably with increasing B cation radius, while the increase in

enthalpy with increasing A radius is less pronounced. These results are qualitatively

supported by experimental studies [204,255].

However, for the three series of pyrochlore compounds: A2Sn2O7, A2Hf2O7 and

A2Zr2O7, the extent of disorder at temperatures above 1000K is sufficient for defect

clusters to form [245]. Therefore, the appropriate disorder reaction (as discussed

in [243]) involves the formation of neutral defect clusters consisting of a cation

antisite pair adjacent to an anion Frenkel pair:

Ax
A + Bx

B + Ox
O → {A′

B + B·
A + V ··

O(48f) + O′′
i(8a)}x (6.3)

The rationale for defect cluster formation in these systems has been established in

previous publications [239,242].
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though calculations have not been performed for Dy2Hf2O7, the disorder energy

can be extracted from the contour map, as shown in Figure 6.2 (Dy ionic ra-

dius = 1.027Å and Hf ionic radius = 0.71 Å [6]). Indeed, disorder energies can

be obtained from this map for the entire series of A2Hf2O7 pyrochlores, despite not

calculating the values explicitly.

If the local disorder energy for each A2Hf2O7 pyrochlore obtained from Figure 6.2

is correlated with the known disorder temperature (via an Arrhenius plot [257], see

Figure 6.3), it is found that there is, within experimental error, a linear relationship.

Such an observation supports the idea that, for each compound of this series, the

local disorder energy is related to an order - disorder enthalpy. Of course, our local

order - disorder internal energies are incomplete compared to order - disorder free

energies. Consequently, further work is being carried out in order to develop a more

thorough thermodynamic interpretation.
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Figure 6.3: An Arrhenius plot of local disorder energy versus temperature. From

the linear fit of the pyrochlore formers (solid points), it is possible to predict forma-

tion temperatures for three other compounds: Dy2Hf2O7, Ho2Hf2O7 and Er2Hf2O7.

Despite its approximate nature, there exists a useful relationship which, via Fig-

ure 6.3, can be used to predict order - disorder temperatures for compositions which

have not yet been observed in the pyrochlore structure, but only as fluorite solid

solutions. For example, it is clear from Figure 6.3 that, next to those pyrochlores al-

ready observed, Dy2Hf2O7 will be the composition with the highest predicted order

- disorder temperature: 1975oC ±50oC.

It is now possible to revisit the region of the Dy2O3 - HfO2 phase diagram where

a Dy2Hf2O7 pyrochlore should be observed, see Figure6.1. The experimental points

from which the phase diagram was constructed (1900oC ±50oC) are found to be at
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the threshold temperature of a stable pyrochlore, as indicated by points in Figure 6.1.

Conversely, order - disorder temperatures predicted for Ho2Hf2O7, 1865oC ±50oC

and Er2Hf2O7, 1780oC ±50oC are well below the experimental data points.

The aim of this prediction is to stimulate experimental investigation. The recent

work of Helean et al. [258] lends itself to verifying the prediction of this chapter.

Using high temperature oxide melt calorimetry, Helean et al. have derived enthalpies

of formation for several pyrochlores.
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Chapter 7

Concluding Comments and Future

Work

“There always remain in the abyss of things slumbering, parts which have yet

to be awakened.”

- Gottfried Wilhelm von Leibniz

On the Ultimate Origination of Things, 1697

7.1 Summary

The last four chapters have attempted to solve problems, all of which involve dis-

order in ceramic systems. In particular, each of these chapters dealt with a specific

technological issue, the detailed conclusions of which are included in each chapter.

It is therefore not the purpose of this chapter to repeat those results. However, what

has not yet been provided is the connection between each chapter and their general

relation to disorder.
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Firstly, all of the systems considered in this thesis involve fluorite or fluorite re-

lated oxides, namely UO2, ZrO2 and A2B2O7. Furthermore, each chapter dealt with

some aspect of structural disorder in one of these systems. In Chapter 6, intrinsic

disorder was considered in the A2B2O7 group of materials. The calculation of de-

fect energies led to a prediction of yet unobserved compounds, namely Dy2Hf2O7,

Ho2Hf2O7 and Er2Hf2O7. This was facilitated by relating the fluorite to pyrochlore

disorder transformation temperature to a local disorder process. Chapter 5 consid-

ered non-stoichiometry in the same series of compounds, broadening the scope to

consider a form of extrinsic disorder that does not involve species foreign to the lat-

tice constituents (recalling the comments from Chapter 1, classifying only thermally

activated disorder as intrinsic, though it is acknowledged that non-stoichiometry is

at times referred to as intrinsic). Chapter 3 considered the solution of fission prod-

ucts, especially Kr, thereby further expanding the types of disorder considered to

include a species different than that of the lattice ions (and therefore clearly extrin-

sic). In each of these three chapters, each system was modelled as an infinite single

crystal.

However, real materials have surfaces and it is important to acknowledge that

with respect to an infinite crystal, surfaces are defects (it is noted that grain bound-

aries are another form of termination, though not considered in this work). Surfaces

were included in Chapter 4, through the calculation of segregation energies. The seg-

regation studies show quite clearly how strong the influence of surface structure can

be on defect behaviour. That is, the defect energies change dramatically increasing

or decreasing in stability as they approach a specific surface.

This thesis is not an exhaustive study of disorder in fluorite and fluorite related

oxides. Rather, it is a selective representation of important concepts. In many cases,

the models were forced to make use of approximations on account of the complexity
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of the problems encountered. As computing resources continue to improve, these

approximations will either become unnecessary or at least less significant (e.g. as

the size of the repeat units can be increased further). Although much information

has been presented in this thesis, there is still even more work needed in order to

better understand disorder and all of its manifestations in these materials. Some

possibilities for further work are discussed in the following section.

7.2 Future Work

7.2.1 Bulk Related Studies

• Figure 4.4 described the binding energy between a divalent ion and a charge

compensating oxygen vacancy as a function of distance between these two

species. This plot showed that at rather large separations (i.e. ≈10Å), the

binding energy is still ≈25% of its maximum value. This result suggests that

the idea of a completely isolated defect is only valid at dopant levels below

0.1%. An improved Debye-Hückel correction should be developed to better

describe defect - defect interaction.

• The material systems modelled in this work have the advantage (from the pair

potential point of view) of being highly ionic. As noted in Chapter 3, high

quality quantum mechanical calculations are accepted as a more accurate rep-

resentation, in terms of electronic contributions. Currently, QM calculations

are limited by the number of atoms that can be realistically considered. As

computing resources improve, QM type calculations will become more feasible,

as more atoms will be able to be modelled.

• Contour maps can be used predictively to consider elements which have not
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been explicitly modelled, but whose ionic radii are known. This may also

include certain compounds whose elements that are able to exhibit variable

charge states (e.g. Pr and Ce containing). However, the consideration of

elements with variable charge state requires comparison to ternary phase dia-

grams. This problem becomes even more complicated if the charge state varies

with temperature, which would then introduce another variable- the partial

pressure of oxygen.

• In order to validate the prediction of Dy2Hf2O7 formation (as discussed in

Chapter 6), experimental verification is necessary. It is the belief of the au-

thor that precision calorimetry experiments will yield results supporting the

predictions described in Chapter 6. However, it is also acknowledged that

experiments of this type are difficult. As previously mentioned, there are two

cation sublattices in the pyrochlore structure. If there is ordering of these

cationic sublattices, it will take long periods of time to reach equilibrium.

Also, there may be deviations from stoichiometry if the sample reacts with

the gas phase.

7.2.2 Surface Related Studies

• The segregation of fission products to surfaces of UO2 was a more complicated

problem than initially expected. With improved computing resources, the

remaining calculations can be completed in order to formulate a systematic

statement regarding the segregation of these fission products in this system.

• In addition to free surfaces, the segregation of fission products to grain bound-

aries in UO2 is significant. In a similar fashion to the model used in Chapter

5 to simulate segregation to free surfaces, it is possible to model segregation
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to grain boundaries. However, it is noted that these calculations will be even

more intensive than those considering only free surfaces. Instead of consider-

ing a single simulation cell, grain boundary calculations require another cell

of a specific orientation placed on top of the original cell. This significantly

increases the number of atoms which need to be considered.

• Oxygen vacancy diffusion can be calculated in UO2, CeO2 or ZrO2, as it is an

important phenomenon in all of these materials. Vacancy migration was not

originally considered because of code limitations, namely the lack of ability

to simulate charged defects. However, a methodology has been formulated

which will allow us to circumvent the problem. First, a defect cluster such

as {(BaU)
′′
:(VO)··} is introduced near to the bottom of the repeat unit, as

far from the surface as possible. The cation is then pinned whilst moving the

oxygen vacancy towards the surface. The binding energy of the oxygen va-

cancy to the barrier defect can be calculated independently, and subsequently

subtracted from the clustered defect energy at each corresponding oxygen va-

cancy step. Therefore, the only energy of interest is that of the oxygen vacancy

nearing the surface. The binding energy correction term is determined by per-

forming a similar calculation with the repeat unit mirrored at the surface in

order to account only for bulk effects. This correction assumes that the (BaU)
′′

defect pinned in the bulk does not alter the phenomenon at the surface sig-

nificantly and needs to be examined more closely. In this case, a code such as

CHAOS [74] might be more useful in that it treats Region II as a dielectric

continuum.

• This thesis has not taken into account space charge effects. This effect is

noted to be of importance, but unfortunately, there was not enough time to

take it into consideration. The formation of electrically active surfaces and
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grain boundaries via this effect is thought to be especially important.

• In Chapter 4, the limitations of the MARVIN code were discussed. In addi-

tion to region size issues, the issue of Region II polarizability was mentioned.

Clearly, modifications to the code in order to include Region II polarizability

are necessary. This could take the form of a single continuum approximation

(e.g. analogous to the Mott-Littleton Region IIb approach), or a layer by layer

calculation where ions are dispersed (e.g. more like the Mott-Littleton Region

IIa).

• At this point, the surfaces of pyrochlores have yet to be investigated. If these

materials are to be used as nuclear waste forms, then surface related phenom-

ena (such as dissolution) is important. Initially, morphology and hydroxylation

calculations are possible, as these calculations have already been performed on

similar materials, such as UO2 [46, 259]. The simulation of radiation damage

is also of interest. This might require molecular dynamics in order to simulate

the instantaneous amount of energy which needs to be transferred to an ion

during irradiation.
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Appendix A

Segregation of Yttrium Ions to the

Surfaces of t-ZrO2

This work will be published in Mat. Res. Symp. Proc., vol.751 #21.6. These

calculations were initiated by Dr. S.E. Redfern but repeated and completed by the

author.

A.1 Abstract

Atomistic simulation has been used to predict the segregation of defect clusters

containing two substitutional Y3+ ions and one charge compensating oxygen vacancy

to the (100) and (101) surfaces of t-ZrO2. The most stable orientation of the defect

cluster depends on its distance from the surface. Significantly, segregation energies

vary greatly between surfaces. For example, the defect cluster is equally stable up

to a depth of 8Å from the (100) surface but only to a depth of 4Å below the (101)

surface. In both cases, segregation energies are negligible 14Å beneath the surface.
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A.2 Introduction

At temperatures below ≈1000oC the crystal structure of zirconia is monoclinic.

Above this temperature it transforms to a structure with tetragonal symmetry. How-

ever, a suitable combination of small grain size and the addition of an appropriate

amount of a stabilising oxide, e.g. 3mol% yttria (Y2O3), results in a metastable

tetragonal structure (t-ZrO2) even at room temperature. This metastable mate-

rial is commonly known as tetragonal zirconia polycrystalline ceramic (TZP) and

has excellent mechanical properties. Unfortunately a complication arises at mod-

erate temperatures (typically 60-200oC), when the presence of moisture causes the

tetragonal phase to uncontrollably transform into the more stable monoclinic phase,

thus degrading the mechanical performance [260,261]. Microstructural studies have

shown that the reaction is nucleated at the surface and that the nuclei grow to

form a monoclinic surface layer, which increases in thickness with time [262–264].

Unfortunately, the nucleation mechanism is not well understood.

One suggestion for the origin of monoclinic nucleation is the preferential dissolu-

tion of yttria due to the presence of water [265]; this leaching causes a local reduction

in yttria content, which may lead to the transformation. As part of this mechanism,

it is proposed that yttrium ions segregate to surfaces of t-ZrO2 grains. Furthermore

this segregation, and hence the leaching rate, is orientation dependent. The atomic

simulation work reported here was designed to investigate this hypothesis under dry

conditions by modelling the surface orientation dependence of the driving force for

segregation.

There have been a number of previous experimental studies concerning segre-

gation effects in TZP. For example, yttrium ions have been explicitly shown to

segregate to grain boundaries [266] and to domain boundaries [267]. In addition,

the segregation of Sr and Bi to surfaces of polycrystalline TZP has been studied
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using angular-resolved X-ray photoelectron spectroscopy [268,269]. Within the res-

olution limits of this technique, the results were consistent with there having been

an increase in concentration of Bi in the top five atomic layers [269] whereas for Sb

results were consistent with segregation to the top fifteen layers [268].

A.3 Methodology

The methodology used in these calculations is based on a pair potential description

of forces between charged ions, as described in Chapter 2. Surfaces are modelled

using a 2D repeat unit (the simulation block) whose thickness is in excess of 40Å.

Final ion positions are determined through energy minimisation techniques. Using

the tetragonal unit cell index, the (100) and (101) surfaces of t-ZrO2 are studied;

these are type I and II respectively [182]. Details of the computational technique

and the model parameters are available in previous publications [77,259,270,271].

In the model presented here, trivalent Y3+ cations substitute for Zr4+, and

thereby form charged defects. Two such substitutional defects are compensated by

an oxygen vacancy to form, in Kroger-Vink notation, the defect cluster {(YZr)’:(VO)··:(YZr)’}.

The most stable geometric configuration for this cluster is when both cations are

in second neighbour positions with respect to the oxygen vacancy. The same result

was found previously in studies of yttria doped cubic zirconia [272].

Segregation trends have been modelled by calculating the total internal energy of

the simulation block as the cluster was moved from the bulk stepwise to the surface.

The depth of the cluster from the surface is defined with respect to the position of

the oxygen vacancy. This is the same approach used to investigate the segregation of

fission products in UO2 as reported in Chapter 4 and [273]. However, this technique

was developed earlier to model impurities in other ceramic systems [274–276].

In a bulk crystal all orientations of a fixed geometry defect cluster are equivalent.
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Conversely, when a surface is introduced, there is an inherent directionality; that

is, the cluster has several non-equivalent orientations with respect to the surface.

Thus, when the cluster is deep within the simulation block the differences in energy

between different orientations becomes small. However, as the cluster approaches

the surface different cluster orientations result in different total energies. In the

present study, this meant that below 14Å all cluster orientations had practically

the same energy. However, as the cluster approaches the (100) and (101) surfaces,

there are four unique orientations of the second neighbour yttrium ions for each

fixed position of the oxygen vacancy. All four possibilities were investigated at each

position of the oxygen vacancy as it moved from the surface into the bulk. Table

A.1 provides the coordinates for each of these defect cluster orientations, including

those with respect to the (110) surface, although the results for that surface are not

discussed.
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(100) x1 y1 z1 x2 y2 z2

A x+3.59 y-1.45 z+1.80 x y+3.67 z+1.80

B x-1.80 y+3.67 z x-1.80 y-1.45 z-3.59

C x+3.59 y-1.45 z-1.80 x y+3.67 z-1.80

D x-1.80 y+3.67 z x-1.80 y-1.45 z+3.59

(101)

A x-1.80 y-3.25 z±2.11 x-1.80 y+3.01 z±2.11

B x-1.80 y+3.01 z±2.11 x-1.80 y+0.88 z±3.77

C x-3.59 y+0.16 z±2.30 x y-4.04 z±0.67

D x-3.59 y+2.22 z±0.64 x y+1.97 z±3.59

(110)

A x+1.27 y-1.11 z+3.81 x-1.27 y+3.67 z+1.27

B x-1.27 y+3.67 z+1.27 x-3.81 y-1.11 z-1.27

C x+3.81 y-1.11 z+1.27 x+1.27 y+3.67 z-1.27

D x+1.27 y+3.67 z-1.27 x-1.27 y-1.45 z-3.81

Table A.1: Coordinates of (YZr)’ sites with respect to the oxygen vacancy (at

(x,y,z)), where the notation A,B,C and D is used in the results. The Z direction is

perpendicular to the surface plane and therefore denotes depth below surface.

Finally, for the (101) surface, symmetry results in there being an inversion in

the (101) plane of the positions of the second neighbour zirconium lattice sites with

respect to an oxygen site in each successive oxygen layer. That is, the zirconium

sites are above the oxygen vacancy with respect to the (101) surface in one layer
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A.4.1 The (101) surface: Type II Surface

The (101) surface has been shown to be the most stable of the three perfect surfaces

studied under dry conditions [270]. The energetics associated with the segregation

process are shown in Figure A.2. It is clear that the cluster is more stable at the

surface than in the bulk. The value calculated for ES = -2.5eV, so that the driving

force for segregation is strong. However, the stability of the cluster within the first

three layers beneath the surface is constant. In fact, there may even be a very

shallow trap site (ET = 0.13eV) at a distance of 4Å from the surface plane. It is

therefore expected that yttrium will segregate towards the (101) surface forming a

higher concentration layer extending over 4Å (i.e. three or perhaps even four layers

from the top). This result is consistent with the experimental observations on Bi

segregation to the top five atomic layers in polycrystalline TZP [269]. It is also clear

from Figure A.2 there is some smaller driving force for segregation (ES � 0.6eV)

from the interior (bulk) to a region between 6 and 14Å. It seems likely that this is a

consequence of the (101) surface being Type II. This is supported by the small energy

differences between cluster orientations in this depth region, where the cluster dipole

is interacting with the local dipole. Furthermore, analysis of ion displacements shows

almost no movement for ions in layers beneath 8Å.

A.4.2 The (100) surface: Type I Surface

The energy associated with segregation of the cluster to the (100) surface is shown

in Figure A.3. At distances of 9Å or more from the surface, the total energy no

longer depends significantly on cluster orientation. However, similarly to the (101)

surface, as the cluster approaches the surface, a strong configurational dependence

is apparent. Interestingly the segregation energy, ES, is larger than for the (101)

surface, with a value of -3.29eV. This indicates that the (100) surface could be
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Figure A.2: Segregation of (YZr)’ to the (101) surface of t-ZrO2.

stabilised with respect to the (101) surface through the addition of yttria. However,

the extent to which this surface is stabilised will be concentration dependent. In this

context, it may also be significant that the (100) surface shows this greater cluster

stability within the top five layers compared to only three or four layers with the

(101) surface.

An interesting feature of the (100) surface is the lack of stability of most config-

urations in the second and third layers beneath the surface. Clearly the distribution

of yttria in surface layers may be quite complex. Nevertheless, this Type I surface

seems well behaved in that values for ES drop to zero very clearly below 10Å. This

is the depth below which there are no significant displacements of ions from their

bulk lattice positions.
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Figure A.3: Segregation of (YZr)’ to the (100) surface of t-ZrO2.

A.5 Conclusions

Y3+ ions as part of neutral clusters are more stable in layers beneath the (101) and

(100) surfaces than in the interior bulk crystal. This provides a driving force for

segregation.

The segregation energy is greater for the (100) surface compared to the (101).

There is a correlation between the extent of surface relaxation and segregation

effects. However, for Type II surfaces, cluster orientation effects persist at greater

depths.

It has been calculated in a previous study [270] that under dry conditions, the

morphology of a single crystal of tetragonal zirconia is dominated by the (101) face,

with the (100) surface not present and the Type III (110)A present to a minor

degree. The present results imply that segregation of yttria to the crystal surfaces

could be significant in promoting the amount of (100) surface present by lowering

its energy with respect to the (101) surface.
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